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ABSTRACT

Entropy algorithms have been applied extensively for time series analysis. The entropy value given by the
algorithm quantifies the irregularity of the data structure. For higher irregular data structures, the entropy
is higher. Both permutation entropy (PE) and amplitude-aware permutation entropy (AAPE) have been
previously used to analyze time series. These two metrics have the advantage, over others, of being com-
putationally fast and simple. However, fewer entropy measures have been proposed to process images.
Two-dimensional entropy algorithms can be used to study texture and analyze the irregular structure of
images. Herein, we propose the extension of AAPE for two-dimensional analysis (AAPE,p). To the best of
our knowledge, AAPE;p has never been proposed to analyze texture of images. For comparison purposes,
we also study the two-dimensional permutation entropy (PE;p) to analyze the effect of the amplitude
consideration in texture analysis. In this study, we compare AAPE;p method with PE;p in terms of ir-
regularity discrimination, parameters sensitivity, and artificial texture differentiation. Both AAPE;p and
PE,p appear to be interesting entropy-based approaches for image texture analysis. When applied to a
biomedical dataset of chest X-rays with healthy subjects and pneumonia patients, both methods showed
to statistically differentiate both groups for P < 0.01. Finally, using a SVM model and multiscale entropy
values as features, AAPE;p achieves an average of 75.7% accuracy which is slightly better than the results
of PE;p. Overall, both entropy algorithms are promising and achieve similar conclusions. This work is a
new step towards the development of other entropy-based texture measures.

© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

the signal are not accounted for [5]. This means that PE might
not be able to discriminate different signal’s behaviors by ignoring

Entropy-based metrics are known for being used to study the
irregularity of biomedical signals. In the last few decades, several
entropy-based algorithms were proposed, namely, approximate en-
tropy [1], sample entropy [2], fuzzy entropy [3], and permutation
entropy [4]. Although most entropy-based methods rely on the
probability distribution of the data, they also require the adjust-
ment of control parameters. Permutation entropy (PE) is a simple
and fast method, with few adjustment parameters, used to esti-
mate the entropy value based on the concept of counting permu-
tation patterns [4]. Nonetheless, this promising technique presents
one main issue: the amplitude fluctuations and variations within
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its structure [6]. Based on this, Azami and Escudero [5] proposed
a new method denominated as amplitude-aware permutation en-
tropy (AAPE) to solve this drawback for one-dimensional data.
When applied to images, these metrics allow to analyze differ-
ent textures. An image associated with a more irregular texture
will have a higher entropy value. Several entropy approaches have
also been used to process two-dimensional (2D) data, such as:
sample entropy 2D [7], fuzzy entropy 2D (FE;p) [8], colored fuzzy
entropy 2D [9], complexity-entropy causality plane 2D (CECP,p)
[10], and also permutation entropy 2D (PE,p) [11]. These entropy
algorithms can be used to study texture and analyze the irregular
structure of images [12]. For example, FE,p is known for extract-
ing squared-patterns to establish comparisons between these pat-
terns, which has been proven useful for texture characterization,
even though it can be computationally expensive [8]. A different
strategy for CECP,p is adopted where the image is considered as
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a 2D ordered array. The entropy is obtained through the estima-
tion of the ordinal probability distribution, that relies on calculat-
ing the number of ordinal patterns which are obtained through the
same process as permutation patterns. However, CECP,p obtains the
normalized entropy with the normalized Shannon entropy equa-
tion and also assesses the statistical complexity value [10]. In [13],
the concept of CECP,p is used to compare different paintings using
the normalized permutation entropy and complexity concepts.

Based on the advantages of AAPE over PE for time series, we
herein propose the extension of AAPE for the analysis of 2D data
(AAPE;p). To the best of our knowledge, AAPE,p algorithm has
never been proposed to analyze texture of images. We also com-
pare the behavior of AAPE,p with PE;p to analyze the effect of the
amplitude consideration in texture analysis. Finally, we apply both
entropy algorithms to a chest X-rays dataset of healthy subjects
and subjects diagnosed with pneumonia [14]. Pneumonia is a pul-
monary infection whose diagnosis relies on tracking the symptoms
and the signs of respiratory tract infection presence, radiological
changes, the identification of a putative pathogen, and the treat-
ment response consistent with pneumonia [15]. In Europe, mor-
tality rates of hospitalized patients associated with community-
acquired pneumonia are around 5-20% [15]. Usually, pneumonia is
identified when lung consolidation, a radiological hallmark, is ver-
ified using chest X-rays [15,16]. Therefore, entropy algorithms can
be helpful in the characterization of texture properties of lung con-
solidation verified in chest X-rays and CT scans when pneumonia
is diagnosed.

The remaining of the paper is divided as follows: Section 2 de-
scribes the entropy algorithms used herein, details both the syn-
thetic textures and biomedical images used, and describes the al-
gorithms’ validation tests; Section 3 discusses the results on PE;p
and the novel measure AAPE,p; finally, Section 4 summarizes the
main results, debates future work, and discusses the use of these
entropy metrics as texture descriptors and features.

2. Methods and materials

Both PE and AAPE are based on the determination of the prob-
ability distribution of permutation patterns. The permutation pat-
terns are obtained after re-arranging the positions of the initial
patterns obtained from the signal/image. These approaches differ
in how the probability is accounted for. The first approach, PE, is
simpler as it only accounts for how many patterns exist for each
permutation pattern. The second approach, AAPE, applies a correc-
tion factor by using an amplitude factor based on the mean and
standard deviation of neighbouring points within the pattern. The
two-dimensional definitions of PE and AAPE, PE,p and AAPE,p, re-
spectively, are described below.

2.1. Entropy algorithms

First, consider an image X of width W and height H where a
and b are the position of an element in X and 1 <a<W and 1 <
b < H. Considering the embedding dimension parameter m, we can
define squared templates from the image as:

Xa,b Xa.b+m—1
X X
m a+1,b a+1,b+m-1
Xy = (1)
Xa+m—1<b Xa-%—m—14b+m—l

where 1 <a<W -m+1and 1 <b<H-m+ 1, making a total of
Np =W —-m+1) x (H-m+1) possible templates. For both ap-
proaches, PE,p and AAPE,p, the strategy herein used is to vectorize
the squared templates as follows:

!
m
XM = Xape o Xapom1-Xaste - -

Xa+1.b+m—1’ X vXa+m—l.ba R Xa+m—1,b+m—l}-

(2)
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Similarly to the 1D approaches [4,5], the intensities of the tem-
plates must be rearranged in ascending order to determine the
corresponding permutation pattern. As the template X(;TZ has m?
points, there will be D= (m xm)! permutation patterns, n}"
(where 1 < j < D). To fully understand this procedure, consider the
example of the template shown in Fig. 1 for m = 2. The template is
squared and has dimensions of 2 x 2. Step 1 illustrates the trans-
formation of this template into a vector with 4 points. Afterwards
to obtain the corresponding permutation pattern, this vector X b
is rearranged according to its intensity in an ascending order (step
2). Finally, the order of the original positions of the intensity values
give the corresponding permutation pattern Jr]m (step 3) shown in
orange.

Then, for the PE,p [11] approach, the probability of each per-
mutation pattern n']’?" is defined as in Eq. (3).

#{XZ1 produces 71"'}
N 3)
m

# represents the number of [11]. Basically, this probability de-
pends on the amount of times a certain permutation pattern is re-
peated within the image.

The PE algorithm does not consider the amplitude variations
within the data structure. Furthermore, different templates with
different amplitude variations or different mean values can lead
to the equal permutation patterns discarding this information. An-
other issue is when equal intensity values exist within the tem-
plate and a conflict in the ordering process emerges [5]. Bandt and
Pompe [4] proposed adding noise to the data structure to avoid
this but this can result in imprecise results [5]. Based on Azami
and Escudero [5] approach to solve these issues, we herein pro-
pose the AAPE,p algorithm that uses a weighting factor A to ob-
tain the probability of n}” in Eq. (4). This factor defines the weight
of the mean of consecutive samples (first term of Eq. (5)) and the
weight of their absolute difference values (second term of Eq. (5)).
This weighting process is included in the probability definition as
follows:

pp(j") =

> Sab 1fXZ1 produces 7"

Pa(mf") = W—m+1 x~H-m+1 g (4)
a=1 b=1 ab
where 8ab is:
m?-1
b(/){+ 1 Z Xk +1) =X, (0| (5)

where A is the adjusting coefficient between [0,1]. For A = 0, only
the differences between consecutive samples are considered; for
A =1, only the mean value of consecutive samples is considered
for the probability calculus; for A < 0.5, the differences between
consecutive samples have more weight than the mean value of
consecutive samples, and the opposite happens when A > 0.5 [5].
When considering the same example in Fig. 1, the first three steps
are the same as for PE. However, to define the probability, a fourth
step is required, corresponding to the determination of &g,

Thus, we can define PE,p and AAPE;p according to Egs. (6) and
(7), respectively:

=3 () x log(pp(x™)

j=1

PE,p (6)

m!

— Y Pa(mt]") x log(pa(]")).

j=1

AAPE,p (7)

These algorithms were applied using the numba package [17] of
Python® v3.7 in a AMD Ryzen 7 5800H with Radeon Graphics
3.20 GHz.
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Fig. 1. Example illustrating the method to obtain the permutation pattern af from a template X", and &, using the weighting factor A.

(d)p=0.2.

Fig. 2. MIX,p(p) images (2a-2c) and their shuffled versions (2a-2f) with a size of 64 x 64 pixels for p=0.2, p=0.5, and p=0.8.

2.2. Synthetic textures and validation tests

First, to evaluate the effect of the embedding parameter on the
irregularity discrimination performance, we used 5 MIX,p(p) im-
ages [7] of 64 x 64 pixels, where the p-level indicates the image ir-
regularity. When p increases, so does the irregularity of the image.
Figure 2 shows examples of MIX;p(p) images for p=0.2, p=0.5,
and p = 0.8. Each image was tested by using m =2 and m = 3 for
both entropy algorithms and the p-level was varied within [0,1].
Besides, we assessed the influence of the coefficient A. The AAPE,p
was tested for A=0.1,A=0.5, and A=0.9.

Then, we compared the values of PE;p and AAPE,p for A=0.1,
using the original MIX,p(p) images as shown in Fig. 2a-c and their
shuffled versions in Fig. 2d-f. The process of shuffling the image
pixels decreases the regular order present in the image, increasing,
therefore, the irregularity.

We also assessed the computational cost of PE,p and AAPE;p
with 5 MIX;p(p=0.6) images using m=2 and A=0.1. We
present the average computational times and their standard devia-
tion values.

2.3. Biomedical dataset

Finally, we applied both algorithms, PE,p and AAPE,p, using
m=2 and A=0.1 for AAPE,p, to a public biomedical dataset of
chest x-rays with a total of 5856 validated images of healthy sub-

152

e)p=

0.5. (f) p=0.8.

jects and subjects diagnosed with pneumonia [14]. The dataset is
composed of 1583 normal chest X-rays and 4273 chest X-rays of
patients diagnosed with pneumonia [14]. Figure 3 shows examples
of such chest X-ray images (healthy person and a patient diag-
nosed with pneumonia). These images were resized to 128 x 128
pixels in order to have a consistent image size throughout the
dataset for calculating the entropy values. The mean (@) and stan-
dard deviation (o) values of these images were also assessed for
both groups. We verified that the images of the healthy group have
a value of 122.6 + 62.7 (1 + o) and that the images corresponding
to the pneumonia group have a value of 122.9 +59.3 (i £ o). This
allows us to conclude that the contrast of the whole dataset will
not influence the texture analysis.

Based on multiscale analysis [18], we applied the down-
sampling (or coarse-graining) procedure to obtain different image
structures for each scale factor (t) according to the following equa-
tion:

jt

Z xl,mﬂ (8)

I=(i-1)7+1
m=(j—1)7+1

1
Y ==

where Y' is the new version of the image X having a size of
¥ X g pixels. For T = 1, Y' corresponds to the original image. For
each coarse-grained image, Y°, we obtained the PE,p and AAPE,p
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(a) Healthy.

(b) Pneumonia.

Fig. 3. Resized chest X-rays images from a healthy individual and pneumonia patient from Kermany et al. [14].

entropy values. We have established a maximum scale factor of
T = 6. Therefore, the smallest coarse-grained images have 21 x 21
pixels.

We first analyzed the mean entropy values given by PE,p and
AAPE,p for 1 <1 <6. Afterwards, we assessed the normality for
each scale factor (1 < t < 6) and each group (healthy and pneumo-
nia) using the Shapiro-Wilk test for a significance level of o = 0.01.
For these conditions, both groups for all scale factors were verified
to be normal. Then, we used a t-student test to differentiate the
healthy and patient group through entropy values (for 1 <t < 6)
for P < 0.01.

Since a large dataset (N > 100) is being used in this work, the
P-values achieved during t-student tests are of difficult interpreta-
tion [19]. To overcome this artifact, we also verified the minimum
percentage of samples required, for each scale factor, to statistically
differentiate both groups using a t-student test (P < 0.01). The sub-
set of entropy values for each percentage was randomly selected 5
times. Then, the mean P-value was determined for that percentage
subset.

Afterwards, we tested a support vector machine (SVM) model
with a radial basis function kernel to classify pneumonia and
healthy subjects. We used 30% of the total dataset mentioned
earlier as a test dataset. For the training dataset, a 5-fold cross-
validation procedure was used, and a grid search for parameters
optimization was also performed. The parameters to be optimized
were C and y: C was varied between 0.1 and 10000; and, y was
varied between 1 x 107> and 1. For this classification model, we
used as features the entropy values of the 6 scale factors for each
algorithm. We compared the results of the model using PE,p and
AAPE,[, features in terms of accuracy, sensitivity, and specificity.

3. Results and discussion
3.1. Synthetic textures

The influence of the adjusting coefficient and embedding di-
mension can be observed in Fig. 4. Regardless of the parameters,
both algorithms show the ability to discriminate the irregular be-
havior of MIX,p(p) images resulting in higher entropy when the
p-level increases. Figure 4(a) shows that using m = 2 the curves of
PE;p and AAPE;p with A= 0.5 and A = 0.9 are very similar. In fact,
between p = 0.0 and p = 1 (most regular and most irregular MIX;p
image, respectively), both PE;p and AAPE,p using A = 0.5 show a
relative increase of 33.3%. For A = 0.9, AAPE,p shows a relative in-
crease of 34.5%. When using A = 0.1, AAPE,p achieves a relative
increase of 53.6%. In Fig. 4(b), for m = 3, the relative increase of
PE,p for 0.0 < p < 1.0 improved to 38.8%. In addition, for A = 0.5
and A = 0.9, AAPE,p also improved its relative increase to 39.5%.
For m-values, the performance of AAPE,p is best when choosing
A = 0.1. This means that weighting more the consecutive samples’
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Fig. 4. PE;p (blue) and AAPE;p values using A = 0.1 (orange), A = 0.5 (yellow), and
A =0.9 (purple) for MIX,p(p) images of 64 x 64 pixels, 0 < p <1 (step of 0.1), m =
2 and m = 3. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

differences instead of their mean value produces better results in
discriminating irregularity of images. Therefore, for the following
tests, PE,p is compared with AAPE,p using A = 0.1.

Figure 5 shows the results of shuffling the pixels of the images,
i.e., reordering randomly the pixels of the MIX;p(p) images. This
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Fig. 5. PEyp (blue) and AAPE,p using A =0.1 (orange) for MIX;p(p) images and
their shuffled versions (black and pink, respectively) of 64 x 64 pixels, using 0 < p <
1 (step of 0.1) for m =2 and m = 3. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

reordering should reflect an increase of entropy values as the shuf-
fling process increases the irregularity of the image, specially in
more regular images.

In Fig. 5(a), when using m = 2, for PE;p, the entropy values of
the original images (blue) and their shuffled versions (in black) are
very similar. Moreover, the PE,p values of the original MIX,p im-
ages is slightly higher than the shuffled images for p < 0.5.

For m = 3, an increase between PE;p for the original MIX,p im-
ages (blue) and their shuffled versions (black) can be observed (see
Fig. 5(b)). In the previous test of irregularity discrimination (Fig. 4),
we had also verified a slightly better performance of PE,p for
m = 3. For AAPE,p, there is a substantial increase of entropy for the
shuffled versions (pink) of the MIX,p images. However, previously,
when analyzing the irregularity discrimination, AAPE;p achieved a
higher irregularity discrimination for m = 2. Based on this, the best
m-—value for AAPE;) is 2. For PE,p, the performance using m = 2 or
m = 3 is similar. Therefore, for comparison purposes, for both algo-
rithms, the m—value was fixed to m = 2 for the following tests.

In terms of computational cost, when analysing the time re-
quired to compute a MIX;p(p) image (p=0.6) of 64 x 64 pix-
els, PE,p takes an average of 14.3 + 0.2 ms and AAPE,p consumes
14.5 +£ 0.1 ms, having only a difference of 1.4%. We can conclude
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Fig. 6. Multiscale PE;p and AAPE;p entropy values, using A=0.1, m=2, and 1 <
T <6, for the healthy (green) and pneumonia (red) groups. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)

that these algorithms are extremely fast in processing images,
which is usually a concern for other entropy algorithms.

3.2. Biomedical dataset

In Fig. 6, we observe that for PE,p, the entropy values are lower
for the patients group (red) than for healthy (green) subjects re-
gardless of the scale factor. However, for AAPE,p, the entropy is
higher for the patients group for 1 <t <4. For t > 5, this ten-
dency inverts and the entropy for the healthy subjects is higher.
Furthermore, we can observe that the PE,p curves behavior is sim-
ilar for both groups. First, the entropy increases between 1 <7 <3
and then, it decreases between 4 < t < 6. For AAPE;p, overall, both
curves show a decreasing behavior but the curves cross each other.
In Table 1, we verify that PE,p is able to statistically differen-
tiate both groups for all the scale factors considered. However,
AAPE,, only differentiates 5 out 6 scale factors. Moreover, in most
cases, the P-value for PE,p is considerably smaller than for AAPE,p.
Therefore, both methods seem to be good options when character-
izing these different biomedical textures.

Given the number of samples within the dataset, the low P-
values observed can also be derived from the dataset’s size. In [19],



A.S. Gaudéncio, M. Hilal, ].M. Cardoso et al.

Table 1
P-values for multiscale PE;p and AAPE,p with 1 <7 <6, m=2, and A=0.1.*-
statistical significance for P < 0.01.

Scale Factors PE»p AAPE,p

1 2.76 x 10-43* 5.32 x 10-%27*
2 7.66 x 103>+ 2.05 x 10772+
3 3.67 x 10763+ 4.33 x 10-22+
4 1.07 x 10770+ 3.59 x 1077*
5 3.42 x 107+ 0.05

6 7.71 x 10773+ 4.12 x 1073*

Table 2

P-values for multiscale PE;p and AAPE;p for 1<t <6, m=2, and A=0.1, for
the minimum percentage of samples from the original dataset that allows to
statistically differentiate the healthy and the pneumonia groups (except for
AAPE;p when t = 5). *- number of samples percentage lower than < 10%. POS
- percentage of samples used.

T PE AAPE
POS (%) P-value POS (%) P-value
1 5* 1.71E-04 8* 4.28E-04
2 8* 5.89E-03 6* 7.37E-06
3 2% 2.65E-03 12.5 2.25E-04
4 5* 6.24E-04 45 3.37E-03
5 3* 2.47E-04 100 0.04
6 2% 9.98E-03 50 5.20E-03
Table 3
Classification values of multiscale PE;p and AAPE;p features.
PE;p AAPE;p,
Accuracy 75.5+0.4% 75.7+0.7%
Precision 75.6 +0.6% 77.7+0.7%
Sensitivity 95.6 +1.3% 93.3+0.6%
Specificity 26.8+3.2% 28.8+1.9%

the large number of samples is indicated to possibly influence the
statistical analysis as the low P-values can be artifacts of the large
sample size. Therefore, it is suggested, for example, to verify the
dependence of the P-values with different sample sizes. Based on
this, we show, in Table 2, the statistical significance (for P < 0.01)
between the healthy and pneumonia groups according to different
percentages of samples from the original dataset. We verified that
the multiscale PE;p method performs better for every scale factor
as it can statistically differentiate both groups for less than 8% of
number of samples. For AAPE,p, this can only be verified for the
first 2 scale factors.

Finally, the SVM model was able to achieve a mean accuracy
value of 75.5% and 75.7% for multiscale PE,p and AAPE,p fea-
tures, respectively, with AAPE,p achieving a slightly higher accu-
racy. Moreover, AAPE,p achieved higher precision, and specificity
(see Table 3). However, PE;p shows a slightly higher sensitivity, i.e.,
it has a better ability to classify pneumonia cases when the images
are from pneumonia patients. Hence, one can say that both AAPE;p
and PE,p have similar performances in classifying pneumonia, re-
sulting in two reliable and promising texture descriptors for this
particular biomedical imaging application.

4. Conclusion and final remarks

In this analysis, it was proven that AAPE,p and PE,p are in-
teresting methods for image analysis and texture discrimination.
When analysing the two main parameters, the embedding dimen-
sion, m, and the adjusting coefficient, A, we observed that the
best parameters for comparison purposes were m =2 and A =0.1.
These parameters allow to have a relatively good irregularity dis-
crimination between several images with increasing irregularity
behavior. Moreover, when differentiating several artificial textures,
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overall, AAPE,p shows a slightly better precision and ability to dif-
ferentiate several textures and their synthesized versions. However,
we can say that both methods, PE;p and AAPE,p, perform similarly
and can discriminate irregularity clearly.

For the biomedical chest X-rays dataset, it was verified that
PE,p leads, for most scale factors, to lower P-values than the
ones obtained with AAPE,p. Furthermore, the PE,p curves be-
havior is similar for both groups with increasing entropy be-
tween 1<t <3, followed by a decrease between 4 <7t <6.
Nevertheless, AAPE,p curves show a decreasing behavior. First,
with the pneumonia group having higher entropy than the
healthy group, and then, for 7 > 4, with the healthy group hav-
ing higher entropy values. Therefore, one can conclude that
both algorithms differentiate the healthy from the pneumonia
group. However, the curves are different according to the chosen
algorithm.

Afterwards, we observed the effect size of the dataset in the
statistical analysis by reducing the number of samples used for
verifying the statistical significance using P < 0.01 for both groups.
We concluded that PE,p outperforms AAPE,p as it can statistically
differentiate pneumonia patients from healthy individuals by using
less than 8% of samples for all the scale factors tested.

When analysing the multiscale PE;p and AAPE, features per-
formances, using a simple SVM classification model, we observe
that AAPE;p has a slightly better performance in terms of accu-
racy, and precision. However, PE,p features achieve a slightly better
sensitivity. This leads to the conclusion that both entropy metrics
are reliable and promising texture descriptors for this particular
biomedical imaging application. Furthermore, the fact that most or
even all scale factors entropy values were able to differentiate both
groups with a 99% confidence level, can indicate that these texture
descriptors as features can be relevant for similar texture biomed-
ical applications such as other pulmonary diseases diagnosed with
chest X-rays or CT scans.

For this particular biomedical dataset, both algorithms achieve
similar results. Therefore, to further discuss the advantage of us-
ing the amplitude-aware method applied to permutation entropy,
it could be interesting to obtain a dataset composed of images with
several amplitudes using an histogram equalization technique.

PE,p and AAPE;p can be proven advantageous for image analy-
sis as they are fast and allow to obtain multiple texture and irregu-
larity features when using multiscale analysis. In addition, they are
easy to interpret in terms of irregularity content of the image and
allow to construct a more understandable and easy classification
model than the state-of-the-art deep learning models which use
the complete image as a feature input. This can allow a more sim-
ple bridge between the image processing method and the medical
analysis and increase the medical and patient confidence in diag-
nosis aid algorithms.
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