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SEMI-ALGEBRAIC FUNCTIONS WITH NON-COMPACT
CRITICAL SET

NICOLAS DUTERTRE AND JUAN ANTONIO MOYA PEREZ

ABSTRACT. Let X C R™ be a closed semi-algebraic set, F' : R® — R be a C?
semi-algebraic function and f = Fjx : X — R™ be the restriction of F' to
X. We define the global index of a critical value ¢; of f and prove an index
formula for x(X) that generalizes a result previously proved by the authors
for the case of isolated critical points. We define also new indices at infinity
and prove an alternative index formula for x(X).

1. INTRODUCTION

Let f: (R",0) — (R,0) be an analytic function germ with an isolated critical
point at 0. The Khimshiashvili formula (see [9]) states that

X(f7H(6) N Be) = 1 — sign(—6)" deg, V f,

where 0 < |[0] < € < 1, B is the closed ball of radius € centered at 0, V[ is the
gradient of f and deg, Vf is the topological degree of the mapping % 0 Se —
Sn-t,

As a corollary of the Khimshiashvili formula, by a result of Arnol’d [1] and Wall
[15] we have that

X{f 03N Se) =1—deg, Vf,

X({f 20}NS) =1+ (=1)"""deg, V/,
and
x{f=0}NSe) =2—2deg, V/,
if n is even.

Szafraniec [11] generalized the results of Arnol’d and Wall to the case of a func-
tion germ f with non-isolated singularities and in [12] he improved this result for
a weighted homogeneous polynomial f : R™ — R.

In [6] Lemma 2.5, the first named author proves a new relation between the
topology of the positive (resp. negative) real Milnor fibre of an analytic function
germ f : (R™ 0) — (R, 0) and the topology of the link of the set { f < 0} (resp. {f >
0}). Using Szafraniec’s results, he deduces a generalization of the Khimshiashvili
formula for non-isolated singularities. Namely he proves that if 0 < § < €, then

X(fTH(=0)NBe) =1~ (~1)" deg, Vg,

and
X(f7H6) N Be) =1 — (—1)"deg, Vg,
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with g = —f —w?, g = f —w?, w(x) = 22 +--- + 22 and d is an integer big
enough.

Sekalski in [10] gives a global counterpart of Khimshiasvili’s formula for a poly-
nomial function f : R? — R with a finite number of critical points. He considers the
set Ay = {A1,..., A} of critical values of f at infinity, where Ay < Ay < -+ < Ay,
and its complement R\ Ay = UK JAis Aiv1[ where A\g = —oc0 and Appy = +oc.
Denoting by ro(g) the number of real branches at infinity of a curve {g = 0} in
R2, he proves that

k k
degoo V. =14+ roo(f = ) = D ool f = AF),
i=1 i=0
where for i =0, ..., k, )\;r is an element of |A;, A;11[ and deg__ V f is the topological
degree of the mapping % :Sp =S L R> 1.
Gwozdziewicz in [7] gives a topological proof of Sekalski’s result using Euler
integration. He proves that

deg Vf=1+ /Rroo(f — t)dx.(t),

where Y. denotes the Euler characteristic with compact support that we will define
later.

The first named author generalizes Sekalski result in [3] by considering a closed
semi-algebraic set X C R™ and a C? semi-algebraic function f : R® — R such that
fix has a finite number of critical points. In [5] the authors recover the first named
author’s results using Euler integration, which clearly simplifies the proofs.

Finally, in [4], Section 3, Araujo, Chen, Andrade and the first named author gave
a generalization of the results of [3] when X = R™ and f is a semi-tame function with
non-isolated critical points, by adapting to the global case the method developed
by Szafraniec in [11].

The aim of this paper is to extend these results to the general case, i.e., without
any assumption on the set of critical points of the function. We work in the following
setting: X C R™ is a closed semi-algebraic set, F : R” — R is a C? semi-algebraic
function and f = Fjx : X — R" is the restriction of F' to X.

In Section 3, we define the global index of a critical value ¢; of f,

indy (f, X, [~ (ei) = x(f 7 (e2)) = x(f ' (ei =) N Br,,),
where R, > 1 and 0 < o < 7.

Theorem 5.1 of [5] for the case of a non-compact critical set, that is, we prove that
(Theorem 3.2)

Then, we generalize Theorem 3.16 of [3] and

l

X(X) =S indy (£, X, £ (e)) — / NIE=({f < 1])dxe(t).

i=1

Using the same techniques we generalize the other results of [3] and [5] for x(X)
for the case of a non-compact critical set. As an application, we obtain an index
formula for the quotient of two semi-algebraic functions.

In Section 4 we define two new indices, the right index at infinity of an asymptotic
non-p-regular value d; (see Definition 2.14),

ind, (f, X, f~1(di)) = x(f " (di + @) = x(f ' (di + a) N Bg,),
and the left index at infinity of d;,
indo (f. X, f7(di)) = x(f "1 (di — @) = x(f'(di — @) N Br,,),
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where Ry, > 1 and 0 < a <K %&- We compute these indices in particular cases
and we finish the section with a formula that relates x(X) with them (Theorem
4.4).

In Section 5 we generalize Corollaries 3.28, 3.29, 3.30 of [4] to our general sit-
uation. Namely, we construct two functions g, and g_ that have compact sets of
critical points and then we prove that the sum of the global indices of f (respectively
—f) and g_ (respectively g4 ) coincide (Corollary 5.11).

2. SOME PRELIMINARY RESULTS

2.1. Euler integration. Let X C R™ be a semi-algebraic set. We can write it in
the following way:

l
where C; is semi-algebraically homeomorphic to | — 1,1[% (Cj is called a cell of

dimension d;). We set
!

Xe(X) =Y (=14,
j=1
and we call it the Euler characteristic with compact support of X. Let us remark
that if X is compact, then x.(X) = x(X).
A constructible function ¢ : X — Z is a Z-valued function that can be written

as a finite sum
o= Z milx;,
il
where X; is a semi-algebraic subset of X.
If ¢ is a constructible function, the Fuler integral of ¢ is defined as

[ telo) = S mie( )
X iel
Definition 2.1. Let f : X — Y be a continuous semi-algebraic map and let

@ : X — Z be a constructible function. The push forward f,p of ¢ along f is the
function f.p : Y — Z defined by

feply) = /fl( )sﬂdxc(fﬁ)-

Theorem 2.2. (Fubini’s theorem) Let f : X — Y be a continuous semi-algebraic
map and let ¢ be a constructible function on X. Then, we have

/Y fepdxe(y) = /X pdxc(T).

Corollary 2.3. Let X, Y be semi-algebraic sets and let f : X — Y be a continuous
semi-algebraic map. Then

xe(X) = /Y xelF ™ ) dxe(y)-

2.2. Stratified critical points and values. Let us consider from now on a closed
semi-algebraic set X C R". It is equipped with a finite semi-algebraic Whitney
stratification X = LgeaS,. Let F : R® — R be a C%-semi-algebraic function and

Definition 2.4.
(1) A point p € X is a critical point of f if it is a critical point of F|g(p), where
S(p) is the stratum that contains p.
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(2) A point ¢ € R is a critical value if there exists p € f~!(c) such that p is a
critical point of f.
(3) If p is an isolated critical point of f, we define the index of f at p by

ind(f, X,p) =1—x({f = f(p) — 6} N Bc(p)),
where 0 < § € € < 1.
Let us notice that if X =R", by [9], ind(f, X,p) = deg, Vf.

Lemma 2.5. The set of critical points of f, Xy, is a closed semi-algebraic subset
of X and its set of critical values, Ay, is finite.

Proof. To prove that ¥ ¢ is closed we use Whitney’s condition (a) and to prove that
Ay is finite we use the Bertini-Sard Theorem ([2]). O

The following result gives a relation between the Euler characteristic of X and
the indices of the p;’s, when X is compact.

Theorem 2.6. ([3], Theorem 3.1) If X is compact and f has a finite number of
critical points p1,...,p;, we have
l

(X)) =3 ind(f, X, py).

i=1
Now, we give some lemmas that we will use later on. For the proofs we refer to
[3]. We assume that f has a finite number of critical points p1, pa, ..., pi.

Lemma 2.7. If § < 0 is a small reqular value of f and R > 1 is such that f~1(0)N
Bpr is a retract by deformation of f=1(0), then

X(f7H @) N Br) = x(f710) = Y ind(f, X,pi).
pi€f~1(0)
Lemma 2.8. If f is proper then for any a € R, we have
x{fza}) —x{f=ap) = > md(f, X p).
i:f(pi) >

The following lemma is a consequence of Lemma 2.8 and the Mayer-Vietoris
sequence.

Lemma 2.9. If f is proper then for o and o with a < o/, we have
x{a<f<ah)—x{f=ah)= > nd(f,X,p).
o< f(pi)<a’

Let g : R® — R be a C2-semi-algebraic function such that g—!(0) intersects X
transversally. Let us suppose that f|xn{s<o} admits an isolated critical point p in
X N{g = 0} which is not a critical point of f. We say that such a point is a correct
critical point. If S denotes the stratum of X that contains p, this implies that

V(fis)(p) = AMp)V(gis)(p),
with A(p) # 0.
Lemma 2.10. For 0 < § < € < 1, we have
X(FH(=0)NBc(p)n X N{g <0}) =1,
if A(p) >0 and
X(FH(=0) N Be(p) N X N{g < 0}) = x(f1(=8) N Be(p) N X N {g = 0}),
if AM(p) < 0.
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Remark 2.11. As a consequence of the last lemma and the definition of the index
of a critical point p, we get that

ind(f, X N{g < 0},p) =0,
if A(p) > 0, and

ind(f, X N{g < 0},p) = ind(f, X N{g = 0},p),

if A(p) < 0.

2.3. Link at infinity and adapted radius. For any closed semi-algebraic set
equipped with a Whitney stratification X = U,c4S,, we denote by Lk (X) the
link at infinity of X. It is defined as follows. Let w : R® — R be a C? proper
semi-algebraic positive function. Since w|x is proper, the set of critical points of
wyx (in the stratified sense) is compact. Hence for R sufficiently big, the map
w: X Nw Y[R, +c[) — R is a stratified submersion. The link at infinity of X is

the fibre of this submersion. The topological type of Lk>(X) does not depend on
the choice of the function w (for instance, see [3], Section 3).

Definition 2.12. We will say that R > 0 is an adapted radius for X if D :
X ND7Y[R, +oc[) = R is a stratified submersion, where D is the euclidean norm.

Remark 2.13. We note that if R is an adapted radius for X then Lk*(X) is
homeomorphic to X N Sk, for R’ > R.

2.4. Asymptotic non-p-regular values. Let p(z) =1+ 3(2% + -+ 22). Note
that Vp(z) =z, p(r) > 1 and the levels of p are the spheres of radius greater than
or equal to 1. Let I'y , be the polar set

Ly,= {x € R" | rank[V f5(z), Vpis(2)] < 2},
where S is the stratum that contains x. We have Yy C I'y ,.

Definition 2.14. The set of asymptotic non-p-regular values of f is the set defined
as follows:

Ay ={a eR | H{z,}nen € Ty, such that |z,| = +00 and f(z,) — a}.

The set Ay was introduced and studied by Tibar [14] when X = R™ and f :
R™ — R is a polynomial. By Lemma 2.2 in [3], we can assume that I'y , \ X(f) is
a curve and so, that Ay is a finite set {d1,d2...,dn}.

2.5. Some others sets of special values. We define four sets of special values.
They are values where some changes in the topology of the fibres of f may occur.

Definition 2.15. Let *x € {<,=,>}.
(1) We define A} by

}={aeR| B x(Lk™({f * B})) is not constant
in a neighborhood of a}.
= = < Az
(2) We define B(f) by B(f) = ApUA7 UAT.
Proposition 2.16.
(1) The sets A} and B(f) are finite. Moreover A7 C A% U A?.
(2) If o & B(f), the functions
B x({f*8}),x e {<, =2},

are constant in a neighborhood of a.
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Proof. The first point is proved in [3]. Let a ¢ B(f) and let a~ < a be a value
close enough to a. Let R, (resp. R,-) be an adapted radius for f~!(a) (resp.
f~1(a™)). We can choose them in such a way that they are also adapted to {f < a}
and {f < a~ } respectively. The critical points of f;o-<f<a}np, _ can only lie on
Sr__, and they point outwards. By Lemma 2.9, this implies that

x({f <a™}) =x({f <a}),

because R, - is also adapted for {f < a}.
Similarly, we can consider the critical points of —fifo-<f<ainBr - Applying

Lemma 2.9 twice, we obtain that

X({f za™}) = x{f 2 o}) = x(Lk*({f 2 a7 })) = x(Lk™({f = a})) =

since « ¢ A?. By the Mayer-Vietoris sequence, we see that

x({f=a"}) =x{f =a}).
The same proof works for a™ > «, a value close enough to a. O

Remark 2.17. Taking into account Proposition 2.16 and basic properties of x., if
we have inclusions

Ajc C {61,62, . .,Cs},
with ¢; < ¢y < -+ < ¢ and
E(f) C {dl,dg, - ,dk},
with d; < dy < -+ < dg, we can express the Euler integral fo(LkOO(X NA{f *

) dxe(t) as
/R (LK (X OV f£}))de(t) Zka‘” X0 {frei}) =S WIS (XN {f+ef 1)),

=0
the Euler integral [ x(X N{f *t})dx.(t) as

E

/R(Xﬂ{f*t}dxc S XN () - S X 0 (),

Jj=1 =0
and the Euler integral [ xc(X N{f*t})dx.(t) as

k
/Xp(Xﬂ{f*t} dx.(t) pr)m{f*d}) ZXC(Xﬂ{f*d;’}),

where co, do = —00, Cs+1 = +0Q, dk-f—l +00, C E]Ci, Ci+1[ and d;_ E]dj, dj+1[.

3. FORMULAS FOR THE EULER CHARACTERISTIC OF A CLOSED SEMI-ALGEBRAIC
SET IN THE GENERAL CASE

Let X be a closed semi-algebraic set, equipped with a finite semi-algebraic Whit-
ney stratification X = LyeaS,. Let F': R® — R be a C? semi-algebraic function.
We call f = F|x, the restriction of F to X. Let A(f) = {c1,c2,...,cx} be the set
of critical values of f.

Let ¢; be a critical value of f. The partition f=1(c;) = Ugeaf 1(c;) N S, may
not be a Whitney stratification, but since Whitney conditions are stratifying, we
can refine it in order to get a Whitney stratification f~!(c;) = UpepTp of f~1(c;)
such that

X = Uaea(Sa \ f7(es)) |_| UreBTB

is still a Whitney stratification of X.
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Definition 3.1. We define the index of a critical value ¢; of f as
indg (f, X, f~(ei)) = x(f(ei)) = x(f (e —a) N Br,)
with 0 < a < 1 and R,, is an adapted radius for f~!(¢;).

Theorem 3.2. We have
k

X(X) = D ind, (£, @) = [ ML < )l
i=1
Proof. By Hardt’s theorem [8], there exists a finite set A t C R such that over each
connected component of R\ Ay, f is a semi-algebraic trivial fibration. Let us write

AfUEfU&fZ{bl,...JnL
where by < --- < by.

Note that, by Lemma 2.7, ind, (f, X, f~(b;)) = 0 if b; & A(f).
By Corollary 2.3, we have

l
Xe(X) = /Rxc(f’l(t))dxc(t) =D el 0y) = xelFH07) = xelF B,

j=1
where b; =b; —a and b;r =b; +a, with 0 <a < 1.

To compute the right-hand side of the above equality, we work with each differ-
ence x.(f71(b;) — Xc(f_l(b;)) for j=1,...,1. Let us set b, = b~ and b; = b with
b-=b—-90,0< 6K i, where Ry~ > Ry, > 1 are adapted radius for f=1(b7)
and f~1(b). We have

Xc(f_l(b)) - Xc(f_l(b_))
= X(f7H0) = x@KZ(F7H ) = x(fH(07) N Br,) +x(f 1 (b7) N Sg,)
—x(fTHOT) N {lz] = Ry})
= indy (f, X, f7H(0))—x(LE>(f 7 (0)+x(f T (07)NS R, ) —xe (fTH 07 )N{|z] = Ro}).

As explained above, we can assume that f~'(b) is a union of strata of our
stratification. If R; is sufficiently big and b~ is sufficiently close to b, then the
(stratified) critical points of —pj-<f<py lying in {Ry < p < R,-} appear on
{f = b~ }. Moreover they are correct and points outwards (Figure 1).

Therefore, by Lemmas 2.9 and 2.10, we have

X({ By < 2] < Ry-} N {b” < f<b})
=x({o” < f <biNSk, ) = x({f <b}NSk,_)—x{f <07 }NSk,_)+x{f = b"}NSk,_)
= (L= ({f < b})) = x(Lk*{f <b7}) + x(Lk=({f = b7})),
applying the Mayer-Vietoris sequence and the definition of the link at infinity.

Let us compute x({Ry < [z| < Ry-} N {b” < f < b}) in another way. Let b be
a regular value of f such that b~ < b < b and f|(r,<|z|<r,_} has no critical point
on {b < f < b}. This implies that f~1(b) N {Ry < |z| < Ry-} is a deformation
retract of {Ry < |z] < Ry-} N {b < f < b}. Applying the same argument as
above, considering the function fI{RbSI:v\SRb—} and applying Lemmas 2.9 and 2.10,
we obtain that

X({o™ < F <Dy {Ry < 2| < Ry-}) = x({f =07} N {Ry < |2] < Ry-}).
By the Mayer-Vietoris sequence and the deformation retract argument, we get that
X{b7 < f<bFN{Ry < |zl < Rp-}) = x({f = b7} N{Ry < |z| < Rp-})

+x({f =0} N {Ry < 2| < Ry-}) = x({f = b} N {Ry < |2] < Ry-}).
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FIGURE 1

Moreover if we choose b close enough to b, then the intersection
Lro\Zp N1 0) N {Ry < 2] < Ry}
is empty (see Figure 2).

FIGURE 2

This implies that
X({f =y N {Ry < |a| < Ry-}) = x({f = b} N Sg,)-
Finally we obtain that
X({o7 < f <0} {Ry <ol < Rp-}) = x({f =07} N {Ry <[z < Ry-})
ALK (D)) = x({f =¥} N Sk,).
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Comparing the two expressions for x({Rp < |z| < Ry-} N {b~ < f < b}) leads to
X({f =57} 1 {Ry < lal < By ) = X(LEP({f < 8))) — X(LEZ((f < 7))
XK ({f = b7}) = x(LEZ(f7H(0))) + x({f = '} N S,)-

Then we can write
Xe{f =073 N {lz] = Ro}) = x({f =07} n{lal = Re}) — x(Lk™(f1(b7)))
=x({f =b"} N {Ry <[] < Ry-}) — x(LK™(f71(b7)))
= X(LE*({f < b})) = x(Lk™({f < b7})) = x(Lk>(f7' (1)) + x({f = V'} N Sk,).
Finally we obtain
Xe(f7HB) = xe(FTH(07)) = indy (£, X, f71 (D))
—x(LE*({f <0})) + x(Lk=({f < b7})),

and so
l

l
Xe(X) =D indy (£, X, 71 (b;)) = D (LK ({f < b;})

j=1

l
+ ) XLE{f <7 1) = xelF 7 B)-

i=1
Let R+ be an adapted radius for f ~1(b). We can write

Xe(f 1) = x ()N Br,,) - XL (f7H (1))

= (0 2 5} 0 B )~ LK 00))
because by Lemma 2.8, x(f~1(b;) N BRb+) =x({f>b}1n BRb+)' Hence,

Xe(/7HO0) = x({f 2 b1 ) = x(TE>(F (1)) =

Xe({f 2673 + x(LE({f 2 b3) — x(@LE=(F7H0))-
But since x¢([b+, +00[) = 0 and fij,, yoof Is a trivial fibration, we get that x.({f >
b }) = 0. We conclude that

Xe(f7H(01)) = x(Lk> (X)) = x(Lk™({f < b })),

by the Mayer Vietoris sequence.
Putting b = b, ,, where b1 = +00, we have

Xe(X) = x(X) = x(Lk™(X)) =

l +1 l
Z o(f, X, F7H(0;) —x (LK™ (X +ZX Lk=({f <b;})- ZX(LkOO({f <b;})) =

S ind, (7, X, £ 67) ~ X(LK () — [ xwesis < paveto),
j=1
obtaining the desired result.

Corollary 3.3. If f has a finite number of critical points p1,p2,...,p; then

l
X) = S ind(f, X, pi) - / VLER({F < )y ().
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Proof. Let b; be a critical value such that f~!(b;) has a finite number of singularities
Di,-..,Dr,- By Lemma 2.7, we know that

i

S ind(f, X, pi) = X(F ' (5) = X(f " (57) N Br,))

i=1
where Ry, is an adapted radius for f=1(b;). O
Corollary 3.4. We have

k
X) = S indy (£ X)) = [ 3R = ) dnele)
=1

Proof. By replacing f by —f and applying an analogous procedure as in the last
theorem, we arrive to the desired result. O

Corollary 3.5. We have
2x(X) — x(Lk>(X))

l l
= indy(f, X, f (i) + Y indg(—f, X, f 7 (es))
i=1 i=1

- / VK= ({f = 1)) dxe (1),

Proof. 1t follows from Theorem 3.2 and Corollary 3.4 by applying the Mayer-
Vietoris sequence. U

Lemma 3.6. We have [, x.({f < t})dx.(t) = 0.

Proof. Let us take bin Ay U Bf U Af and bT = b+ 4, with § > 0 small enough, a

regular value. Since f|xnpp+] Is trivial and x.(]b,b%]) = 0, we conclude that
Xe{f <071 = xc({f b)) =xc{a< f<bH}) =0.

Therefore,

/ xel{f < tH)dxe(t) Zxc (<0 =Y oxeldf <67

j=1

= —x({f<b})=0.

Corollary 3.7. We have

Y indy (X ) [t < thaeo),

i=1
Proof. We have
k

(%) = S indy (£, X, £ H(ex) - / VLES({f < 0))dxe(t).

i=1
and

/ xellf < thxe(t) = / xellf <t} Br,)dx(t)
R R

- / NeLE®({f < £1))de(t) = 0.
Then,
/ X({F < E))dxe(t) = / X({F < )0 B, )dxe(t)
R R
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- / xellf < 1} Br,)dxe(t) = / VIEZ({f < t1)dxe(t),

arriving to the desired result. (]

Corollary 3.8. We have
k

X(X) = S indy (<. X £ @) = [ x({F = avelo)

i=1
Proof. By replacing f by —f and applying an analogous procedure as in the last
corollary, we arrive to the desired result. O

Corollary 3.9. We have

k k
X(X) =Y " indy (f, X, f7He) + Y indg(—f, X, 7 (e) — / XU = thdxe(b).
1=1

i=1
Proof. Tt follows from the last two corollaries by applying the Mayer-Vietoris se-
quence. (]
Remark 3.10. Since ind,(f, X, f~1(¢)) = 0 if ¢ is not a critical value of f, we
can replace Y1 indy (£, X, f~(¢;)) with [ indg(£f, X, f~())dx.(t) in all our
statements.

Application 3.11. Let us apply these results to the case of a function given as the
quotient of two semi-algebraic functions. Let f,g : X — R be two semi-algebraic
functions, where X a closed semi-algebraic set and f (resp. g¢) is the restriction
to X of a C? semi-algebraic function F' (resp. G). We consider their quotient
¢ = f/g: X\ V(g) — R which is also a semi-algebraic function. Let Y be the
following closed semi-algebraic set:

Y ={(z,y) € X xR | f(z) —yg(x) = 0}.
We cannot apply Corollary 3.9 since ¢ is not defined in X, so we work with Y to
obtain a formula for the sum of the global indices of the function ¢.

Let y : Y — R be the linear function defined by y(z,y) = y. By applying
Corollary 3.9, we have that

x(Y) =/Rindg(va,y‘l(t))dxc(t)+Aindg(—y,Y,y‘l(t))dxc(t)

- [0t = o,
We have that, if ¢t # 0,
Y{y =t} ={(z,0) | f(z) —tg(z) =0} ={=z | ¢(z) =t} U{f =g =0},
and so,
x(Y N {y =t}) = x({o(x) =t}) + x({f =g =0}).
When t = 0, we have that
Y 0{y =0} = {z | f(x) =0},
and so,
x(Y n{y =0}) =x({f = 0}).
Let us study the global index of y at the non-zero critical value t. We recall that
indy(y, Y,y (t)) = x(Y Ny~ (t)) = x(Y Ny~ (t — @) N Bg,),
where R, is an adapted radius for y~1(t) and 0 < a < R%.

We have
(z,t) e Y Ny (1) & flz) —tg(x) =0 =
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{wc) =t if g(x) £ 0,
f(@) =0 if g(z) =0,
then,
XY Ny (1) = x({o =t}) + x({f = g = 0}).
Let us study x(Y Ny~1(t — ) N Bg,). We have

e
¢($)=t—a,|x|§\/]m if g(xz) #£0
f@)=0 it g(e) = 0

If R; is big enough and « small enough, then R= VR? — (t — a)? is an adapted
radius for {¢ =t} and {f = g = 0}. Therefore we have

x(Y Ny~ ' (t) N Bg,) = x(¢ =t —a) N Bg) + x({f = g =0} N Bp).
Finally, we get

W) = [ indy (0 X. 07 O)e(t) + [ indy (=0, X 07 O)dxc 0+

indy(y,Y,y~"(0)) + indg(—y, Y,y (0)) — x({f = 0})

#2({f =g =0p - [ MXn{o=thar

Let us suppose that X = R™ and that {f = 0} and {g = 0} intersect transversally
and that {f = 0} is regular. This implies that Y is smooth and 0 is a regular value
of y. In this case, we get

W) = [ indy (6,67 () dxelt) + [ indy(—0, X, 07 )

(= 0D+ 2d(f =9 = 0D = [ x({o= 1

4. NEW INDICES AT INFINITY
We recall that Ay is defined by
Ap={a € R| I(zn)nen € 'y such that |z,| - +oo and f(z,) — a},

and that it is a finite set {dy,ds...,dn}.
Definition 4.1. We define the right index at infinity of d; as

ind (£, X, F7H(di)) = x(f 71 (d})) = x(F 7' (d) N Br,,).
Analogously, we define the left index at infinity of d; as

indo (f, X, f7H(di)) = x(F7H(d;) = x(£7(d) N Br,),
whfze Slj =di+o,d; =d; —awith0 <a < 1and Ry, is an adapted radius for
I (d).

Example 4.2. Let us consider the Broughton polynomial f(z,y) = y(zy — 1)
defined on X = R2.
We have that Ay = {0} and

indL, (f,R?, f71(0)) = x(f7'(8)) = x(f ' (0) N Br,) =2 -3 = -1,

1nd;o(f7 RQv f_l(o)) = X(f_l(_(s)) - X(f_l(_(s) n BRO) =2-3=-1,
with Ry an adapted radius for 0 and 0 < § < 1 (see Figure 3).



Semi-algebraic functions with non-compact critical set 13

FIGURE 3

Example 4.3. (Tibar-Zaharia, [13]) Let us consider the polynomial f(z,y) =
22y? + 22y + (y* — 1)? defined on X = R%. We have that 0 € Ay and

indL, (f,R?, f71(0)) = x(f7'(8)) = x(f 7' (8) N Br,) =2 -2 =0,

lndgo(fa RQa f_l(o)) = X(f_l(_(s)) - X(f_l(_a) N BRO) =0-0= Oa
with Ry an adapted radius for 0 and 0 < 6 < 1 (see Figure 4).

A
C

FIGURE 4

By Proposition 2.16, there exists a finite set {e1, ea, . . ., es} such that the function
t = x(f71(t)) is locally constant on R\ {ej,ea,...,es}.

Theorem 4.4. We have

m

X(X) = (ind X (f, X, £ (di)) + ind o (f, X, f (i) +/ X(FHB)dxe(t)-

i=1 le1,es]
Proof. We recall that o
AfUBfUAf = {bl,...,bl}7
First of all, note that, by the definition of the indices at infinity,
lndjo(f) X7 f_l(b’b)) = lndgo(f7 X7 f_l(bi)) = 07
if b; ¢ A(f) and that
il’ldg(—f, Xa f_l(bz)) = indg(f7 X7 f_l(bz)) = 07
if b ¢ A(f):
By Corollary 3.9, we have
l 1
X(X) = indg(f, X, f 71 (b)) + > indy (= f, X, f (b)) — /RX({f = t})dx.(t).
j=1

Jj=1
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By definition,
indy (f, X, f7H (b)) = x(F 71 (5:)) — x(f~(b7) N Br,,)-

Therefore, we have

l - =1 =1
= DU ) + Y (ndd (£, X, £7H(d) + ind (£, X, 7 (d))
=1 i=1
-1 m
=D OH) = Y (I (X ) + ind (X, £ )
i=1 i=1

+ [ oo,
[b1,b:]
To conclude, we remark that
/[b AU () =0
if by < eq and
[ ot =o,
lev,bi]

if e; < b;.

5. RELATIONS WITH FUNCTIONS WITH COMPACT CRITICAL SET
We recall that p(z) =1+ (2% +--- + 22) and that
I'y,={z € R" | rank[Vf(z), Vp(z)] < 2}.

Note that Vp(z) =« and p(z) > 1. We have £y C I'y,.
Let Af = {d1,d2 . ,dm}.

Lemma 5.1. There is k € N such that for all i € {1,2,...,m}, for all x €

Dpo\ fH(ds), X
|f(z) —di|] > —7, 1<i<m,

p(x)*’

for x| > 1.

Proof. Note that 1 is the greatest critical value of p. We set S, = p~L(r). Let

B :]1, +00[— R be defined by
B(r) = inf {|f(x) — di| | & € 5, 1 (Tp,)\ f7(di)) } -

The function S is semi-algebraic. Furthermore 8 > 0 because for r > 1, fl 3, has a

finite number of critical values. Thus the function % is also semi-algebraic. Hence
there exist 71 > 1 and kg € N such that % <7k forr > ry and k > ko. This implies
that B(r) > %k for r > ry and k > k9. We can conclude that for » > r; and k > ko,

1

|f(z) —d;i| > @)

for z € S, N (Ts, \ £~1(dy)).
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Let G_(z) = F(x) — ﬁ and let g— = G_ .
Lemma 5.2. We have Ay = A, _

Proof. By definition of g_(x), we have that I'y , =T, ,. So if {z,} is a sequence
of points in I'y , such that {z,} — oo then {f(z,)} — d; if and only if {g_(z,)} —
d; ]
Lemma 5.3. For R>> 1, x({g— < d;} N Sg) = x({f < di} N SR).

Proof. Let R > 1 be such that for allz € (s ,\ f~*(d;))N{p(z) > R}, | f(z)—d;| >
ﬁ; Set NfS ={z € Sr| f(z) <d;} and N3 ={x € Sg | g_(z) < d;}. For
x € Sg, we have
1 1
g-(z) Sdi@f(x)—ﬁ <d; & f(z) Sdri-ﬁa

and so NfS CNg. FurthermOfe if0< f(z) —d; < g then z ¢ Ty, \ f_l(fli) and
therefore {f(z) < d; + 3z } N Sk retracts by deformation to {f(z) < d;} N Sg. We
get the result. O

Corollary 5.4. We have x(Lk™({g- < d;})) = x(Lk™({f < di}))-
Lemma 5.5. Let a ¢ Ay. We have x(Lk™ ({g- < a})) = x(Lk™({f < a})).

Proof. Let us study first the case when a belongs to an interval of R\ Ay bounded
from above. We can assume that 0 € Ay and that b < 0 is the greatest negative
element of Ay (b can be —o0).

Let « be such that b < o« < 0. We can find Ry > 1 such that b < %—i— R%k < 0.
If {z,} CT,_, is a sequence such that b < g_(z,) < 2c, then {g_(z,)} b If
p(@n) = Ry then f(zn) = g-(wn) + 555w < 9-(2n) + p < 30+ zp < 0. Then,
{f(z,)} tend to b as well. As a consequence, there exists Ry >> 1 such that for all
R>Rpand z € §RﬂFg_7pﬂ{g_ <ia}, f(z) < M2 and g_(z) < 22

To conclude, we have that Lk>({g_ < «}) is homeomorphic to {g_ < a} N S,
Lk*({f < a}) is homeomorphic to {f < a} N Sk, and that

_ 1 _
{g,SQ}QSRZ{fSOZ-I-ﬁ}ﬂSR

is homeomorphic to {f < a} N Sg, since Sk N LipN{a<f<a+gr}=0.
Similarly if o belongs to the interval of R\ A; not bounded from above, we can
suppose that 0 is the biggest bifurcation value and that o > 0. The proof is the
same, replacing {g_ < %52} with {g_ > ¢} and taking R such that a + a5 < 2a.
O

Let g4+ (z) = f(z) + ﬁ. Note that Ay = Ay, .

Lemma 5.6. For R> 1, x({g4+ > d;} N Sg) = x({f > d;} N Sg).
Corollary 5.7. We have x(Lk™({gs+ > d;})) = x(Lk™({f > d;})).
Lemma 5.8. Let o ¢ Ay. We have x(Lk™ ({g+ > a})) = x(Lk™({f > a})).
Lemma 5.9. The sets (Vg_)71(0) and (Vg4)~1(0) are compact.

Proof. Let us suppose that (Vg_)~1(0) is not compact. Therefore, there exists a
a critical value of g_ such that (Vg_)~(0) N g~'(a) is not compact. Then, there
exists {x,} € (Vg_)~1(0) N g~*(a) such that {z,,} — co. Then {f(x,)} — « and
0=Vf(z,)+ M%(IH)V;J(QC”). This implies that z,, € I'y, \ f~*(c). Therefore a
is a bifurcation value of f and |f(z,) — a| = , which contradicts Lemma 5.1.

O

1
p* (zn)
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Corollary 5.10. We have

and

/ VL ({g- < t}))dxe(t) = / MLER({f < ))dye(t),
R R

/R VL ({gs > 1)) dxe(t) = / VIES({f > 1)) dxe(d).

Corollary 5.11. We have

and

[ indy (7,5 £ O)dele) = [ indy(g- X, g7 @)
R R

[y Ol = [ o0, X, 02 )0
R R

If X =R", we have that

/R indg(g9—, X, 9=" (t))dx.(t) = deg,, Vg,

/R ind, (f, X, £~ (£))dxe(t) = dega, Vg_.

Moreover, if W_ is the vector field defined by W_ = p*+1V f+Vp, then deg,  W_ =
deg., Vg_ and so,

/]R indy (f, X, 71 ())dx.(t) = deg,, W_.

We can apply the same procedure to g4 and obtain a vector field W,. We note if
f is a polynomial then W_ and W, are polynomial vector fields. This gives global
versions of results of [6] and [11].
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