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Abstract. We report results of the first analysis of collisions between stable funda-
mental (alias spinless) and vortical (spinning) three-dimensional dissipative soli-
tons in a model of a laser cavity. The systematic analysis is carried out for values
S = 1 and S = 2 of the vorticity of the latter soliton. With the increase of the
collision momentum, χ, the same generic scenarios are observed in either case:
merger into a single fundamental soliton at both small and relatively large values
of χ, and the formation of two fundamental solitons in an intermediate interval
of variation of the collision momentum χ. At very large values of χ, the collision
seems quasi-elastic, but the vortex soliton eventually splits into two nonspinning
fragments.

1 Introduction

The class of complex Ginzburg-Landau (CGL) equations constitute a mathematical framework
for modeling nonlinear dynamics in situations close to pattern-forming transitions in various
dissipative media, such as optical cavities, viscous fluid flows and thermal convection, reaction-
diffusion mixtures, and others [1]. Localized (solitary) pulses, alias dissipative solitons (DSs),
constitute an important type of patterns which occur in these media and can be effectively
described by the CGL equations [2–4]. The search for stable DS solutions is a challenge in
modeling two- and three-dimensional (2D and 3D) media, because of the possibility of the
critical or supercritical collapse, in the 2D and 3D geometry, respectively, under the action of
the self-focusing cubic nonlinearity. In addition to that, multidimensional localized states with
intrinsic vorticity, i.e., vortex solitons, are prone to instability against azimuthal perturbations
that tend to split them [5,6].
It is well known that a physically relevant model which may support stable DSs in any

dimension is provided by the CGL equation with the cubic-quintic (CQ) nonlinearity. This
equation was originally introduced by Petviashvili and Sergeev [7] in the 2D form, with the
objective to generate vortical DSs. In the 1D version of the same model, solitary-pulse solutions
and their stability were then investigated in detail [8]. Nonlinear optical media that feature the
CQ response include chalcogenide glasses [9], some organic materials [10], aqueous colloids [11],
and dye solutions [12].
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Actually, stable 2D vortical solitons, with topological charge (vorticity) S = 1 and 2, were
constructed in the framework of the CQ CGL equation in Refs. [13]. Stable fundamental (S = 0)
3D localized states were found as spatiotemporal DSs in optical models based on equations of
the same type [14–17]. 3D double-soliton complexes, including rotating ones [18], have been
found too. Finally, 3D vortex solitons with S = 1, 2, and 3 have been obtained recently, as
solutions to the CQ CGL equation [19–21]. The stability of the latter solutions was analyzed
in terms of the growth rates of perturbation eigenmodes, and verified in direct simulations.
It is also relevant to mention that the dynamics of weakly nonstationary ring-shaped 2D and
3D soliton clusters was studied in some detail, in various conservative and dissipative settings
[22–27].
Once stable 3D vortex solitons are available, a problem of obvious interest is to consider

collisions between them. Recently [28], we have investigated collisions between two 3D vortex
solitons with identical vorticities S1 = S2 ≡ S (S = 1, 2) in a coaxial configuration, as well as
collisions between counter-rotating vortices, with S1 = −S2 = 1 or 2 [29]. This was done in the
framework of the following CQ CGL equation in three dimensions [19,20]:

iUz + (1/2− iβ) (Uxx + Uyy) + (D/2)Utt
+

[
iδ + (1− iε)|U |2 − (ν − iμ)|U |4]U = 0. (1)

In term of nonlinear optics, U is the local amplitude of the electromagnetic wave in the bulk
medium which propagates along axis z, the transverse coordinates are x and y, while the
temporal variable is t = T − z/V0, where T is time and V0 is the group velocity of the carrier
wave. The coefficients which are scaled to be 1/2 and 1 account, respectively, for diffraction in
the transverse plane and the self-focusing Kerr nonlinearity, β ≥ 0 is the effective diffusivity
in the transverse plane, real constants δ, ε and μ represent, respectively, the linear loss, cubic
gain, and quintic loss (the basic ingredients of the CQ CGL equation [7]). Here ν ≥ 0 accounts
for the self-defocusing quintic nonlinearity, that may compete with the cubic term, according to
the experimental observations [9,10], and D is the group-velocity dispersion (GVD) coefficient.
Its positive and negative values correspond, severally, to the GVD of the anomalous and normal
types.
Equation (1) admits free motion of solitons along axis z, and thus makes collisions between

them possible [30]. On the contrary to that, free motion in plane (x, y) is impeded by the
diffusivity term in Eq. (1), the one with β > 0. As shown in Refs. [19,20], this term is necessary
for the stability of vortex DSs, while fundamental solitons, with S = 0, may be stable at β = 0
as well.
In the general case, analysis of collisions between localized objects in the 3D space is quite

involved, requiring heavy simulations of the full 3D equations. In particular, in the framework
of the CGL equation (1) with β = 0, where the free motion is possible both in the transverse
plane (x, y) and along axis z, the collision between zero-spin solitons is controlled by four
parameters: relative transverse and axial velocities of the solitons, and two respective aiming
parameters (in terms of the optical model, the aiming parameter related to the motion along z
is realized as the temporal separation between the solitons when their separation in the (x, y)
plane attains a minimum). Examples of collisions between 3D DSs with S = 0 were reported
in Ref. [17]. Outcomes observed in those simulations included fusion of the solitons into a
single one (sometimes, it looked as destruction of one of the colliding objects), or quasi-elastic
interaction (mutual rebound of the solitons).
As mentioned above, if the colliding solitons carry vorticity, the CGL equation must include

the term proportional to the diffusivity parameter β > 0, otherwise the vortex solitons are
unstable. Then, as their motion in the transverse plane is suppressed by the diffusivity term,
the collision depends on two parameters, viz., the relative velocity in the axial direction and the
related aiming parameter, which is the distance between parallel trajectories of the colliding
solitons. In a recent work [28], we focused on a practically tractable setting, by choosing the dif-
fusivity coefficient β > 0 and zero aiming parameter, when the 3D colliding vortex solitons form
a coaxial configuration. The analysis is feasible in that case, due to the inherent axial symmetry
(nevertheless, the numerical integration of the CGL equation was performed in the Cartesian
coordinates, which guarantees that all potentially dangerous perturbations are incorporated,
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including those which may break the axial symmetry). Depending on the collision momentum,
χ, we have identified three generic outcomes [28]: merger of the solitons into a single one, at
small χ; quasi-elastic interaction, at large χ; and creation of an extra soliton (“soliton birth”
[31]), in an intermediate region.

In this work we consider a different problem, viz., the collision between a fundamental
(nonspinning) soliton, with S = 0, and another one, with nonzero vorticity S = 1 or 2. In
this case, one may take the latter (spinning) soliton with zero velocity, and set in motion only
the fundamental one, multiplying it by exp (iχt), where χ is the “kick” parameter. Generic
outcomes of the collisions produced by our numerical analysis are merger of the two solitons
into one at both small and relatively large values of χ, formation of two fundamental solitons in
an intermediate interval of variation of the collision momentum χ, and a quasi-elastic collision
at very large χ, followed by a subsequent splitting of the spinning soliton into two spinless
fragments.

The rest of this paper is organized as follows. The model equation and setting for the
analysis are formulated in Sec. 2, the collisions outcomes are reported in Sec. 3, and the paper
is concluded by Sec. 4.

2 The cubic-quintic Ginzburg-Landau model and stable
3D vortex solitons

In the general case, the 3D CGL equation with the CQ nonlinearity takes the form of
Eq. (1) [19,20]. All coefficients in Eq. (1) are well-known physical parameters, except for a
more “exotic” one, β. The diffusivity term proportional to β appears in a model of laser cavi-
ties, where it is generated by the interplay of the dephasing of local polarization in the dielectric
medium, cavity loss, and detuning between the cavity’s and atomic frequencies [32]. As said
above, we will keep β > 0 in Eq. (1), to secure the stability of the vortex solitons.

In the conservative counterpart of the CQ CGL equation, i.e., the nonlinear Schrödinger
equation with the CQ nonlinearity, the quintic term must be self-defocusing (in the 2D and
3D geometries), to arrest the collapse induced by the self-focusing cubic term [5,33]. However,
the self-defocusing sign of the quintic term is not necessary for the stability of the multidimen-
sional DSs, because the collapse is prevented by the stronger effect of the quintic term in the
dissipative part of the equation [19]. The sign of the GVD coefficient, D, is not crucial either,
because the existence of stable fundamental and vortical 3D solitons was demonstrated for both
D > 0 [19] and D < 0 [20], both cases being relevant to optics (D < 0, i.e., normal GVD, gives
rise to strong phase chirp along the temporal direction in the soliton).

First we look for stationary DS solutions to Eq. (1) in the form of

U(z, x, y, t) = ψ(r, t) exp (ikz + iSθ) , (2)

where r and θ are the polar coordinates in plane (x, y), S ≥ 0 the above-mentioned integer
vorticity (the fundamental solitons correspond to S = 0), k a real wave number, and the complex

Fig. 1. (Color online) Isosurface plots of intensity |U(x, y, t)|2, showing the input solitons: (a) S = 0,
(b) S = 1, and (c) S = 2.



248 The European Physical Journal Special Topics

Fig. 2. (Color online) Isosurface plots of intensity |U(x, y, t)|2, showing the colliding solitons with
vorticities 0 and 1, and the output set, at different values of the kick parameter: (a) χ = 0.4;
(b) χ = 1.5; (c) χ = 2; (d) χ = 2.5. The simulations were run on the grid of size 193× 193× 801.

function ψ(r, t) obeys the stationary equation,(
1

2
− iβ

)(
ψrr +

1

r
ψr − S2

r2
ψ

)
+
1

2
Dψtt

+
[
iδ + (1− iε)|ψ|2 − (ν − iμ)|ψ|4]ψ = kψ. (3)

Localized solutions to this equation must decay exponentially at r, |t| → ∞, and must behave
as r|S| at r → 0.
Below, we consider the following set of parameters:D = 1 (anomalous GVD), μ = 1, ν = 0.1,

δ = 0.4, and β = 0.5. We will consider collisions between stable DSs with vorticities S = 0, and
S = 1, 2. To generate these solitons, we simulated the propagation of zero-vorticity and vortical
localized pulses forward in z, within the framework of the radial version of Eq. (1), produced
by the substitution of U(z, x, y, t) = Ψ(z, r, t) exp (iSθ). The following axially symmetric input
spatiotemporal field distribution was used for this purpose:

Ψ (0, r, t) = Ar|S| exp
[−(1/2) (r2/ρ2 + t2/τ2)] , (4)

with some constants A, ρ, and τ . The standard Crank-Nicholson scheme was used for the
numerical integration (typically, with transverse and longitudinal stepsizes Δr = Δt = 0.2 and
Δz = 0.01). The nonlinear finite-difference equations were solved with the help of the Picard
iteration method, and the resulting linear system was then handled by means of the Gauss-Seidel
iterative procedure. To achieve reliable convergence to stationary states, ten Picard and four
Gauss-Seidel iterations were usually sufficient. The wave number (k) of the established solution
was found as the corresponding value of the z-derivative of the phase of Ψ(z, r, t), provided
that it became independent on z, r and t up to five significant digits.
In what follows we also fix the value of the cubic gain parameter to ε = 2.3, which lies

within the stability domain of vortex solitons with vorticities S = 1 and 2, see Ref. [20]. Note



Solitons in Nonlinear Optics 249

Fig. 3. (Color online) The same as in Fig. 2, but for collisions of solitons with vorticities 0 and 2:
(a) χ = 0.2; (b) χ = 1; (c) χ = 2; (d) χ = 2.5. The grid size is 201× 201× 801.

that the values of the wave numbers (with five significant digits) are k = 0.44342 for S = 0,
k = 0.50040 for S = 1, and k = 0.50387 for S = 2.
Thus, to study generic outcomes of collisions between DSs, one should take a pair of stable

solitons with shapes shown in Fig. 1, separated by a large temporal distance T . As mentioned
above, we will consider collisions between the spinless soliton (with S = 0) and another one,
with S = 1 or 2.

3 Collision outcomes

To solve Eq. (1) with the initial condition (at z = 0) corresponding to collisions between two
stable solitons with vorticities (0, S), where S = 1, 2, initially separated by a large temporal
distance T , a 3D Crank-Nicolson finite-difference scheme was used, with typical transverse and
longitudinal stepsizes Δx = Δy = Δt = 0.2 and Δz = 0.01. Similar to the simulations outlined
in the previous section, the resulting nonlinear finite-difference equations were solved using the
Picard iteration method, and the ensuing linear system was then dealt with by means of the
Gauss-Seidel elimination procedure. To achieve good convergence, ten Picard and four Gauss-
Seidel iterations were typically needed. In most cases, we used 801 discretization points for
t, while the number of the mesh points for x and y that provided for the required accuracy
depended on the vorticity: 193× 193 for S = 1, and 201× 201 for S = 2.
Results of systematic simulations of soliton collisions are represented by outcomes observed

with the variation of kick parameter χ. For our set of parameters, the 3D solitons with S = 0, 1, 2
(and also with S = 3) are all stable [19,20], being characterized by the following values of the
energy (alias norm),

E ≡ 2π
∫ ∞

0

rdr

∫ +∞

−∞
dt |ψ(r, t)|2 , (5)

E(S = 0) ≈ 52, E(S = 1) ≈ 171, and E(S = 2) ≈ 310.
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Fig. 4. The evolution of the total energy in the collision of (0, 1) solitons at different values of the kick
parameter: (a) χ = 0.4; (b) χ = 1.5; (c) χ = 2; (d) χ = 2.5.

Fig. 5. The same as in Fig. 4, but for the collision of (0, 2) solitons: (a) χ = 0.2; (b) χ = 1; (c) χ = 2;
(d) χ = 2.5.

In the following we report the outcomes of collisions for DS pairs with vorticities (0, 1) and
(0, 2). Gradually increasing the initial kick χ, we have observed the following outcomes (the
initial separation was typically T = 30, but variation of T did not affect the results):

(a) Merger of the two solitons into a single fundamental soliton, with S = 0, at small values
of χ. The velocity of the emerging fundamental soliton is larger than the velocity of the
initial one.

(b) Generation of two fundamental solitons with different velocities: while the initial fundamen-
tal soliton reduces its velocity after the collision, a new soliton with S = 0 has a very small
velocity.
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Fig. 6. (Color online) Contour plots displaying the evolution of field |U | in plane (t, z), for the
collision scenarios of (0, 1) solitons at different values of kick χ: a) χ = 0.4; (b) χ = 1.5; (c) χ = 2;
(d) χ = 2.5.

(c) Merger of the two solitons into a single fundamental one, at relatively large values of χ.
On the contrary to case (a), the the emerging fundamental soliton is slower than its initial
counterpart.

(d) Quasi-elastic collision of the spinless and spinning solitons, followed by subsequent splitting
of the perturbed spinning soliton into two spinless fragments moving with opposite velocities,
at very large values of χ.

These generic outcomes are illustrated by Figs. 2 and 3, which display, by dint of isosurfaces
of the local intensity, |U(x, y, t)|2, the initial set of the colliding DSs, and the outcome sets
observed long after the collision.
These collision scenarios are further illustrated by Figs. 4 and 5 which show the total energy

of the colliding solitons as a function of the evolution variable (z). In these figures, labels (0, 1)
and (0, 2) stand for the respective values of the vorticity of the two colliding solitons. The above-
mentioned four distinct collision scenarios have been identified within the following intervals of
variation of the kick parameter χ:

(a) The two colliding solitons merge into a spinless soliton with higher velocity and energy
(defined as per Eq. (5)) E(S = 0) ≈ 52 for χ ≤ 1.4 in the (0, 1) collision case, and for
χ ≤ 0.8 in the (0, 2) case.

(b) The output features two spinless solitons with total energy E ≈ 104 for 1.4 < χ ≤ 1.6 in
the (0, 1) case, and for 0.8 < χ ≤ 1.7 in the (0, 2) case.

(c) The two colliding solitons merge into a spinless soliton with a lower velocity and energy
E(S = 0) ≈ 52 for 1.6 < χ ≤ 2.2 in the (0, 1) case, and for 1.7 < χ ≤ 2.2 in the (0, 2) case.

(d) The output contains three spinless solitons with total energy E ≈ 156 for 2.2 < χ ≤ 6 in
the (0, 1) collision case, and for 2.2 < χ ≤ 6 in the (0, 2) case.

These generic collision scenarios are further illustrated in Figs. 6 and 7 by plots of the evo-
lution of the field in the plane of (t, z). It is noteworthy that the collision scenarios are quite
similar for both cases, (0, 1) and (0, 2). A common feature of all outcomes is that the spin-
ning soliton, although stable in isolation, is a fragile object, which never survives the collision.
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Fig. 7. (Color online) The same as in Fig. 6, but for the collision of (0, 2) solitons: (a) χ = 0.2;
(b) χ = 1 ; (c) χ = 2; (d) χ = 2.5.

One can also notice that the angular momentum is not conserved in the course of the colli-
sions – in particular, this is obvious in the case when the solitons merge into a single spinless
(fundamental) one. Of course, the momentum nonconservation in the dissipative medium is
not surprising.

4 Conclusion

In this work, we have presented results of the systematic numerical analysis of collisions between
spinless and spinning stable dissipative solitons, in the framework of the complex Ginzburg-
Landau equation, which, in particular, is a model of a 3D laser cavity. Recently, collisions were
studied between pairs of solitons with identical or opposite vorticities, (S, S) and (S,−S). In
this work, we for the first time considered the case of asymmetric pairs, (S = 0, S = 1) and
(S = 0, S = 2). In these situations, the same generic scenario was observed with the increase of
the collision momentum, χ – namely, merger into a single fundamental soliton in two intervals of
values of χ (for both small and relatively large values of χ), retrapping of the colliding solitons
into a set of two fundamental ones in an intermediate interval of variation of χ, and, eventually,
splitting of the vortex soliton into a pair of spinless fragments at very large values of χ. The
analysis has been performed for co-axial configurations of the soliton pairs; a challenging issue
would be to study interactions between 3D solitons in a more general geometric setting.

This work was supported, in part, by the Deutsche Forschungsgemeinschaft (DFG), Bonn.
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