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We report results of a systematic numerical analysis of collisions between localized three-dimensional �3D�
semidiscrete complexes, viz., rhombus-shaped vortices, quadrupoles, and fundamental solitons, in the model of
a bundle of fiberlike waveguides. The model also describes a 3D self-attractive Bose-Einstein condensate
�BEC� loaded into a deep two-dimensional optical lattice. We identify four outcomes of the collisions: rebound
of slow solitons, fusion, splitting, and, finally, quasielastic interactions of fast solitons. Diagrams which dem-
onstrate regions of the different outcomes are reported for collisions between vortices, with equal or opposite
topological charges, and quadrupoles.
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I. INTRODUCTION

Studies of discrete spatial solitons �alias lattice solitons�
attract a great deal of interest in the current experimental and
theoretical works in the fields of photonic and matter-wave
optics �1�. A fundamental model of lattice media amounts to
the discrete nonlinear Schrödinger �DNLS� equation �2�. A
direct realization of the one-dimensional �1D� DNLS model
with the cubic nonlinearity in arrays of optical waveguides
was first proposed in Ref. �3�. Later, the same DNLS equa-
tion was demonstrated to describe, in various theoretical and
experimental settings, Bose-Einstein condensates �BECs�
trapped in deep optical-lattice potentials �see original works
�4� and Ref. �5� for a review�. Another physical realization of
the DNLS model is known in the form of lattices built of
polariton-trapping microcavities �6�. Discrete solitons in 1D
optical structures were created experimentally in a set of
semiconductor waveguides built on a slab substrate �7� and
then in arrays of optical fibers �8�. Apart from such perma-
nent structures, waveguiding arrays have also been devel-
oped in a virtual form as optically induced lattices in photo-
refractive crystals �9�. The optoinduction technique has
helped to create quasidiscrete two-dimensional �2D� solitons
too �10�. Vortex solitons, i.e., localized lattice excitations
with embedded vorticity, that were predicted in Ref. �11�
were also created in 2D virtual photonic lattices �12�. In
addition to the fundamental discrete vortices with topological
charge S= �1, higher-order solitary vortices, with �S��1,
and multipole solitons, such as quadrupoles, were predicted
in Refs. �13,14�. Supervortices �ring-shaped chains of com-
pact vortices carrying a global vorticity, which is indepen-
dent of the vorticity of the individual elements �14��, lattice
solitons in the second band gap �15�, necklace-shaped local-
ized patterns �16�, discrete solitons in hexagonal and trian-
gular lattices �17�, and semidiscrete composite solitons in
arrays of quadratically nonlinear waveguides and in arrayed
waveguide structures with the Kerr nonlinearity �18� were
studied too, in the theoretical and experimental forms, as

well as nonstationary effects, including the mobility of dis-
crete solitons �19,20�, collisions between them �20,21�, and
the onset of the spatiotemporal collapse in arrays of self-
focusing waveguides �22�.

Continuing this line of the research, the creation of 2D
spatial solitons was recently reported �23� in a bundle of
fiberlike waveguides permanently written in bulk silica using
the technique based on tightly focused femtosecond laser
pulses �24�. Similarly structured quasidiscrete 2D solitons,
including solitary vortices, were predicted in photonic-
crystal fibers �25�.

In the above-mentioned settings, the work was chiefly fo-
cused on the spatial-domain dynamics. In particular, because
of a very large response time in photorefractive crystals, op-
tically induced lattices do not allow one to study the dynam-
ics in the temporal domain. Nevertheless, the settings based
on fiber bundles, or arrays of waveguides written in bulk
silica, feature a very fast response to variations of the light
beams, which suggests a possibility to study the spatiotem-
poral dynamics combining the temporal evolution in the lon-
gitudinal direction and quasidiscrete spatial patterns in the
transverse direction �see Ref. �26� for a review of the topic of
spatiotemporal solitons in nonlinear optics and BEC�. Vari-
ous manifestations of the nonlinear behavior have been stud-
ied in this context, including semidiscrete “light bullets”
�spatiotemporal solitons� in arrays or fibers �27� and photo-
nic wires �28�, self-compression �29� and steering �30� of
pulsed beams, and the modulational instability �31�. Spa-
tiotemporal solitons in models of waveguide arrays with the
quadratic �rather than cubic� nonlinearity were studied too
�32�.

Continuing the work in this direction, semidiscrete spa-
tiotemporal surface solitons were recently introduced in
semi-infinite models of waveguide arrays �33� and in a sys-
tem with an interface between two different arrays �34�. In
particular, solitons of a combined staggered-unstaggered
type �35� have been reported in the latter case.

The above-mentioned experimental techniques, which al-
low one to create solitary modes in bundled arrays of fiber-
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like waveguides �23,24�, suggests the consideration of semi-
discrete three-dimensional �3D� spatiotemporal solitons as
localized states which are continuous along the propagation
axis and discrete in the transverse plane. The same solutions
should be relevant to the description of 3D matter-wave soli-
tons in a self-attractive BEC trapped in a deep 2D optical
lattice �36�. The latter configuration can be created by shin-
ing a “bundled” set of parallel narrow red-detuned �attrac-
tive� laser beams through the 3D condensate.

In recent work �37�, we have reported results of a system-
atic analysis of spatiotemporal vortex solitons and quadru-
poles in the semidiscrete 3D model. It was demonstrated that
solitary vortices �with �S�=1� and quadrupoles, in the form of
rhombuses which are based on a set of four guiding cores,
with an almost empty one at the center, have a vast stability
region. Solitary vortices of the “square” type, without an
empty site in the middle, feature a much smaller stability
region and all vortices with �S�=2 are unstable �fundamental
temporal solitons, which are carried, essentially, by a single
lattice site, are stable�. Related analyses were reported for
vortex solitons with topological charges �S�=1 and �S�=2 in
the continuum counterpart of the model, which includes a 2D
periodic potential in the transverse plane �38�. It is also rel-
evant to mention that families of discrete vortex solitons in
the full DNLS equation in three dimensions were reported in
Ref. �39�.

Once stable soliton complexes with the topological struc-
ture have been found, an issue of straightforward interest is
to consider collisions between them, which is the subject of
the present work. We focus on the systematic analysis of
collisions between solitons of the most robust types, i.e.,
rhombic vortices and quadrupoles, including collisions be-
tween the vortices with topological charges �S1 ,S2�= �+1,
+1� and �+1,−1� �“corotating” and “counter-rotating” vortex
pairs�, as well as collisions between vortices and quadru-
poles. In fact, this is an example of a 3D conservative model
which makes it possible to study collisions between vortex
solitons in three dimensions. Previously �in fact, very re-
cently�, collisions between coaxial 3D solitons with embed-
ded vorticities were studied in the framework of the con-
tinual complex Ginzburg-Landau equation with the cubic-
quintic nonlinearity for both corotating �40� and counter-
rotating �41� configurations. In this work, we also consider
collisions between the rhombus-shaped vortex and a funda-
mental soliton carried by the central waveguide of the
bundle, which is nearly empty in the vortex state.

The semidiscrete structure of the rhombuses and quadru-
poles helps to clearly identify four different outcomes of the
collisions. With the gradual increase of the collision velocity,
we first observe a rebound of the solitons due to repulsion
between them, which is changed by splitting, fusion, and,
eventually, quasielastic passage of the colliding complexes
through each other at largest values of the velocity. For sym-
metric collisions between vortices and quadrupoles, the re-
sults are summarized in the form of respective diagrams
which display the outcome as a function of the collision
velocity and the solitons’ propagation constant.

The paper is structured as follows. The model and basic
types of the stable solitons are presented in Sec. II. Results
for collisions between two rhombic vortices �for both co- and

counter-rotating pairs�, as well as collisions between quadru-
poles, are reported in Sec. III. Collisions between solitons of
different types �vortex-quadrupole and vortex-fundamental
solitons� are considered in Sec. IV. The paper is concluded
by Sec. V.

II. SEMIDISCRETE MODEL AND SOLITONS

Following Ref. �37�, the evolution equations for local am-
plitudes um,n of the electromagnetic waves in the bundle of
fiber waveguides, whose cross section is a square grid with
discrete coordinates m and n, are taken as

�i
�

�z
+

1

2

�2

��2 + �um,n�2�um,n + �um+1,n + um−1,n + um,n+1

+ um,n−1 − 4um,n� = 0. �1�

Here, z is the propagation distance along the waveguides and
� the usual reduced time, while the respective coefficient of
the anomalous group-velocity dispersion �42� and the con-
stant accounting for the transverse coupling between adja-
cent waveguiding cores are both scaled to be 1 �in physical
units, the coupling length in bundled arrays of waveguides
written in bulk silica is estimated to be on the order of sev-
eral centimeters �23,24�, with the separation between
waveguides �20–50 �m�.

3D BEC trapped in a deep 2D optical lattice is described
by a system of linearly coupled 1D Gross-Pitaevskii equa-
tions for the wave functions in “potential tubes” induced by
the lattice. In a properly scaled form, the coupled system is
tantamount to Eq. �1�, with z and � replaced by time and the
longitudinal coordinate, respectively.

Equation �1� conserves three dynamical invariants: the
Hamiltonian, momentum in the � direction, and energy �or
the number of atoms, in the case of BEC�

E = 	
m,n



−�

+�

�um,n����2d� . �2�

Stationary solutions to Eq. �1� are parameterized by real
propagation constant � �alias the chemical potential, in the
case of the BEC�, um,n�z ,��=ei�zUm,n���, with complex func-
tions Um,n obeying a system of ordinary differential equa-
tions

1

2

d2Um,n

d�2 + �Um,n�2Um,n + �Um+1,n + Um−1,n + Um,n+1 + Um,n−1�

= �4 + ��Um,n. �3�

For continuous-wave �cw, i.e., �-independent� solutions, Eq.
�3� reduces to coupled algebraic equations, whose solutions
for vortices with topological charge S= �1 were found, in a
numerical form, in Ref. �11� and their higher-order counter-
parts, with S=2 and 3, were constructed in Ref. �13�.

As well as in the case of their 2D discrete counterparts,
there are two distinct types of fully localized 3D semidiscrete
vortex and quadrupole solitons, viz., rhombuses and squares.
As said above, in this work we focus on vortical rhombuses,
with �S�=1, and rhombic quadrupoles, which are far more
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robust than squares �37�. The frame of the rhombus is com-
posed of four vertices, with coordinates

�m,n� = �1,0�,�0,1�,�− 1,0�,�0,− 1� , �4�

while the central site, at �m ,n�= �0,0�, remains nearly empty
in the rhombic states. Solutions to Eq. �3� in the form of
rhombus-shaped vortices were constructed in Ref. �37� using
a combination of numerical methods and the variational ap-
proximation �VA�. The latter was based on ansatz

�Um,n�rhom = A�m + in�e−a��m�+�n�� sech���� . �5�

In the case of narrow vortices �those strongly confined to
frame �4�, which corresponds to ��1; in fact, the stability
region for the rhombic vortices is ��19 �37�, hence they are
definitely narrow ones�, parameters A, a, and � of the ansatz,
which determine that amplitude, transverse extension, and
longitudinal size of the semidiscrete vortex, are predicted by
the VA to be

�2 = 2�4 + ��, ea = 2�4 + ��, A2 = �2�4 + ���3. �6�

In the same approximation, energy �2� of the rhombic vortex
is

E = 8�2�4 + �� . �7�

Another robust species of the 2D semidiscrete solitons, in
the form of quadrupoles, is also based on “frame” �4�. Ap-
proximate solutions for the quadrupoles �in addition to nu-
merical solutions� were constructed in Ref. �37� using the
following real variational ansatz, cf. its complex counterpart
�5�:

�Um,n�quad = A�m2 − n2�e−a��m�+�n�� sech���� . �8�

For narrow quadrupoles, the VA predicts

�2 = 2�4 + ��, ea =
16

3
�4 + ��, A2 =

1

9
�8�4 + ���3.

�9�

cf. Eq. �6�. The stability region for the quadrupoles is �
�20 �37�, which means that they are narrow too. In the first
approximation, the energy of the quadrupole coincides with
that given by expression �7� for the vortices. Comparison of
the variational results given by Eqs. �5�–�9� demonstrates
that the VA is very accurate for the stable vortices and qua-
drupoles alike.

In view of the Galilean invariance of Eq. �1�, a moving
solution can be generated from any quiescent one, such as
vortex �Eq. �5�� or quadrupole �Eq. �8��, by the application of
the boost, with arbitrary velocity parameter c,

um,n�t;c� = exp�ic� − ic2z/2�u�t − cz;0� . �10�

The moving solitons will be used below as initial configura-
tions for simulations of collisions between them.

III. COLLISIONS BETWEEN IDENTICAL SOLITONS

Results for outcomes of collisions between solitons were
collected by systematic simulations of Eq. �1�. Two solitons

with a large initial temporal separation between them were
set in motion with relative velocity �V by means of boost
�10� with c1,2= ��V /2. The initial shapes of the rhombuses
and quadrupoles were taken as per the VA prediction, i.e., in
the form of Eq. �5� and �9�. As mentioned above, for stable
solitons the VA yields a practically exact shape of stationary
solutions, whose small deviations from the numerically exact
ones produce a negligible perturbation.

A. Collisions between corotating rhombic vortices

We start by presenting systematic results for collisions
between “corotating” rhombus-shaped vortices, i.e., ones
with equal topological charges, S1=S2=1. Collisions be-
tween the vortices with a large relative velocity naturally
lead to their passage through each other. The passage is
quasielastic, but not always completely elastic. As seen in the
example shown in Fig. 1, the collision gives rise to a slowly
developing splitting of each rhombus into two pairs of fun-
damental solitons located at opposite vertices of the rhombus
�in this case, we show only trajectories of the fundamental-
soliton components which build the vortices; full collision
pictures, that show the shape of the solitons, are displayed
below in Figs. 3 and 6, where the additional illustrations are
necessary in view of a rather complex character of the inter-
actions�. The quasielastic passage does not break the phase
structure of the vortex configuration, which, for vorticity
�S�=1, implies the phase shift of 	 /2 between adjacent ver-
tices, hence each of the two soliton pairs, into which the
rhombus slowly splits after the quasielastic collision, is ac-
tually a dipole, with opposite signs of its two constituents.

At smaller velocities or larger values of the energy of the
vortices �i.e., larger �, according to Eq. �7��, the collision

−20 −15 −10 −5 0 5 10 15 20
0

5

10

15

20

z

t

FIG. 1. �Color online� An example of the quasielastic collision
of two identical rhombus-shaped vortices, with topological charges
S1=S2=1, propagation constants �1=�2=20, and relative velocity
�v=8. Collision-induced changes in the configurations are shown
by trajectories of the motion of four fundamental solitons that con-
stitute each vortex. In this figure and below, solid blue, dashed-
dotted black, dashed green, and dotted red curves designate the
trajectories of the fundamental solitons belonging to waveguiding
cores with the coordinates, respectively, �−1,0�, �0,−1�, �1,0�, and
�0,1� �cf. Eq. �4��.
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becomes inelastic, leading to a merger �fusion� of the vorti-
ces into a single one of the same type as shown in Fig. 2. The
further increase of �, or decrease of the collision velocity,
makes the collision still more inelastic and more destructive.
In this case, the collisions seem as in Fig. 3 �which displays
a collision between counter-rotating rhombus-shaped vorti-
ces�. In Fig. 3, one observes that the colliding rhombuses
split into a pair of two-soliton bound states, which stay put
after the collision, and four separate fundamental solitons,
three of which escape, while another one stays together with
the two-soliton bound states. Analysis of the numerical re-
sults demonstrates that this collision destroys the original
phase structure of the vortices. Moreover, the collision
clearly manifests spontaneous symmetry breaking as the col-
lision of two mutually symmetric vortices gives rise to an
asymmetric picture. The latter effect can probably be ex-
plained as a result of an intrinsic instability developing in the
overlapping soliton cluster in the course of the collision.

The character of the interaction demonstrates another
abrupt change at essentially smaller values of the relative

velocity: as seen in Fig. 4, repulsion between slowly moving
vortices actually prevents the collision. As a result, both vor-
tices come to a halt, keeping a large temporal distance be-
tween them. Additional analysis of numerical data demon-
strates that the intrinsic phase structure of the vortices is not
destroyed by the interaction, in this case.

Results of a large number of simulation runs are summa-
rized in the diagram presented in Fig. 5 in the plane of
��V ,��. It shows borders between regions corresponding to
the four different outcomes of the collision, which are speci-
fied by means of the above examples.

B. Collisions between counter-rotating rhombic vortices

We have also investigated collisions between “counter-
rotating” rhombus-shaped vortices, i.e., ones with opposite
topological charges S1= +1 and S2=−1. In this case, the re-
sults are quite similar to those reported above for S1=S2=1
�see Fig. 3� and the respective collision diagram is virtually
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FIG. 2. �Color online� An example of merger �fusion� resulting
from the collision of identical rhombic vortices, with propagation
constants �=22 and relative velocity �V=8.
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FIG. 3. �Color online� An example of splitting of two colliding rhombic vortices, with opposite topological charges, S1=−S2=1,
propagation constants �1=�2=25, and relative velocity �V=8. In addition to trajectories of fundamental solitons that constitute the vortices
�a�, panel �b� displays the full evolution picture in terms of �umn�� ,x�� in four waveguiding cores which carry the vortices. It is seen that the
collision between identical vortices results in the spontaneous symmetry breaking, in the present case.
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FIG. 4. �Color online� An example of the collision between two
identical slowly moving rhombic vortices, with relative velocity
�V=2 and propagation constant �=22. Due to the repulsive inter-
action, both vortices come to a halt.
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identical to that displayed in Fig. 5. The only conspicuous
difference is observed in the case of the fusion: unlike the
situation shown above in Fig. 2, the fusion of vortices with
the opposite charges is partial, as illustrated by Fig. 6, which
displays trajectories of the centers of fundamental solitons
that build the rhombuses and also the full collision picture
�cf. caption of Fig. 3�. It is concluded from Fig. 6 that four
constituent fundamental solitons merge into a single bound
state, while four others escape.

C. Collisions between quadrupoles

Collisions between identical quadrupoles give rise to out-
comes of the same four types as identified above for rhombic
vortices. The corresponding diagram is presented in Fig. 7.
Similarities and differences in comparison to its counterpart
for the rhombuses, which was displayed above in Fig. 5, are
obvious from the comparison of the two plots. In particular,
it is worthy to note conspicuous differences between relevant

ranges of both parameters, �V and �, in the two diagrams.
As concerns particular types of the outcomes, a notable

difference from the situation considered above is observed in
the case of splitting: as shown in Fig. 8, the collision may
split the quadrupoles into a set of four two-soliton bound
states, which all come to a halt after the interaction ceases,
with a weak manifestation of the spontaneous symmetry
breaking �cf. Fig. 3�.

IV. COLLISIONS OF RHOMBUSES WITH QUADRUPOLES
AND FUNDAMENTAL SOLITONS

Results of collisions between solitons of different types
are illustrated below by means of a set of generic examples.
Summarizing the results in the form of parameter diagrams
would be impractical in this case, as at least three parameters
should be taken into regard, viz., two propagation constants
�in the case of different types of the solitons, there is no
special reason to fix �1=�2� and the relative velocity.

Collisions between rhombuses and quadrupoles may give
rise to complicated outcomes. For instance, Fig. 9 shows an
example of collision-induced splitting that eventually leads
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splitting

fusion

passage

µ

FIG. 5. �Color online� The diagram showing regions of different
outcomes of collisions between identical rhombic vortices, with to-
pological charges S1=S2=1 and propagation constants �1=�2��,
in the plane of the collision velocity, �V, and �. Outcomes called
“passage,” “fusion,” “splitting,” and “repulsion” are illustrated by
generic examples displayed in Figs. 1–4, respectively.
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FIG. 6. �Color online� An example of partial fusion of colliding rhombic vortices with opposite topological charges, S1=−S2=1, and
equal propagation constants, �1=�2=22. The collision velocity is �V=8. The panels have the same meaning as in Fig. 3.
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FIG. 7. �Color online� A diagram similar to that in Fig. 5, but
showing ranges of different outcomes of collisions between rhom-
bic quadrupoles.
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to appearance of two bound states formed by two pairs of
fundamental solitons: one soliton in each pair resulting from
the merging of two components �the trajectories of one pair
are represented by the two merged red �dotted� and one black
�dashed-dotted� lines in the figure, and the other pair in-
cludes two merged green �dashed� and one blue �solid�
lines�, while two other fundamental solitons escape after the
collision. Note that both bound states emerge with zero ve-
locities.

The interaction of a free fundamental soliton, launched in
the waveguiding core with �m ,n�= �0,0�, which is nearly
empty in the rhombic vortex, with that vortex is stronger
than the interactions considered above, as the distance from
the central core to those which carry the rhombus is smaller
than the distance between vertices of the rhombus. More-
over, the coupling of the central core with the vertices is
direct, while the coupling between the vertices is not, as seen
from Eq. �1�. This strong interaction leads, in most cases, to
splitting of the vortex and destruction of its intrinsic phase
structure. Even a slowly moving fundamental soliton, which
is kept by the repulsion at a large distance from the rhombus,
destroys it despite the weakness of the long-range interaction

�see Fig. 10�a��. Panels �b� and �c� in the same figure dem-
onstrate that a faster moving free fundamental soliton
bounces from the rhombus and a still faster one gets stopped
by it, causing the splitting in any cases. Finally, if the free
soliton is very fast, it can pass through the central “hole” of
the rhombus quasielastically without destroying it or disturb-
ing its phase structure. For instance, the collision between
the rhombus and fundamental soliton, with initial propaga-
tion constants �rho=40 and �sol=10, amounts to the free pass
if the relative velocity is �V=8 �not shown here in detail�,
cf. the situation presented in Fig. 10�c�, which appertains to
the same value of �V.

V. CONCLUSION

This work aimed to report results of systematic analysis
of head-on collisions between various species of stable 3D
semidiscrete spatiotemporal soliton complexes in the model
of a bundle of nonlinear fiberlike optical waveguides. The
same system describes 3D BEC trapped in a deep 2D optical
lattice. The model offers the first possibility to study colli-
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FIG. 9. �Color online� A typical example of splitting resulting
from the rhombus-quadrupole collision, with relative velocity �V
=20. The propagation constant of both complexes prior to the col-
lision is �=40.
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FIG. 8. �Color online� An example of splitting resulting from the
collision of two identical rhombic quadrupoles, with propagation
constant �=35 and relative velocity �V=15.5.
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FIG. 10. �Color online� Splitting of a rhombic vortex due to the interaction with a free fundamental soliton, guided by the central core.
In the three cases displayed in this figure, the propagation constant of both the rhombus and fundamental soliton before the collision is �
=20, except for the fundamental soliton in panel �c� for which �=30. The relative velocities are �V=2, 4, and 8 in panels �a�, �b�, and �c�,
respectively. In addition to the graphical notation adopted above �see caption to Fig. 4�, in this figure the solid cyan �light gray� line depicts
the trajectory of the soliton’s center in the central core, with coordinates �m ,n�= �0,0�.

LEBLOND, MALOMED, AND MIHALACHE PHYSICAL REVIEW A 79, 033841 �2009�

033841-6



sions between 3D vortex solitons in conservative media. We
have focused on collisions involving most robust types of
semidiscrete solitons, viz., rhombus-shaped vortices with to-
pological charge S= �1, and quadrupoles, also of the rhom-
bic type. Fundamental solitons, carried by the central
waveguiding core, at which the vortex or quadrupole have
the hole, were considered too. Simulations have revealed
four outcomes of the collisions: rebound of slowly moving
objects, fusion �full or partial fusion, in case of the collision
between vortices with equal or opposite charges, respec-
tively�, splitting �possibly with the formation of bound states
of two solitons�, and quasielastic passage of fast solitons
through each other. Full parameter diagrams have been pro-
duced for collisions between identical vortices and quadru-

poles. The rhombic vortex was found to be especially vul-
nerable to splitting due to the collision with a free
fundamental soliton moving in the central core.

The analysis presented in this work can be extended in
various directions. One of them is the consideration of inter-
actions between solitons in the model of bundles with a tri-
angular or hexagonal transverse structure, cf. Ref. �17�,
where 2D discrete solitons were constructed in similar set-
tings. As concerns the existence of vortex solitons and colli-
sions between them, an especially interesting generalization
of the present model may be one including twist of the
waveguiding bundle. In the 2D version of the twisted model,
spatial discrete fundamental solitons and solitary vortices
were reported in Ref. �43�.
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