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The collision-induced rototranslational hyper-Rayleigh spectra of gaseous H2–He mixture are
computed and discussed in the binary regime. As the input data we use our ab initio computed
H2–He collision-induced first dipole hyperpolarizability tensor ���R�. Both the vector and the
septor part of the H2–He hyper-Rayleigh spectra are evaluated at room temperature �T=295 K�.
The spectra are calculated assuming the full quantum computations based on the Schrödinger
equation of the relative translational motion in the isotropic H2–He potential as well as using
semiclassical methods. © 2009 American Institute of Physics. �doi:10.1063/1.3264691�

I. INTRODUCTION

Dihydrogen-rare gas systems attracted experimental and
theoretical attention in recent years.1 In particular, the emer-
gence of novel fields as microsolvation in helium clusters2

or, predominantly, the spectroscopy of atoms and molecules
in liquid helium drops3–5 added new impetus to the study of
helium-atom or helium-molecule systems. It is worth noting
that the collision-induced spectroscopy of the dihydrogen-
helium pair is of importance because of its relevance to the
molecular astrophysics of planetary atmospheres.6 The ob-
servation of the collision-induced absorption rototransla-
tional band of this system motivated systematic computa-
tional studies of its potential energy surface and the
interaction-induced dipole moment.7 Recently we reported
the first study of the collision-induced hyper-Rayleigh
�CIHR� spectrum of the dihydrogen-argon system.8,9 The
aim of this paper is to extend previous efforts to the deter-
mination of the CIHR spectrum of the dihydrogen-helium
pair, thus enriching our fundamental knowledge of this im-
portant system.

We consider a collision-induced complex composed of a
linear centrosymmetric molecule and an atom—like H2–He.
Every monomer of this complex has a center of symmetry. In
such monomers, the electric properties described by the odd
rank tensors are forbidden.10–13 However, as a result of inter-
molecular interactions �collisions� between monomers, a
short-life supermolecule is produced, having configurations
which do not possess a center of symmetry. In such a super-
molecule, some phenomena which were forbidden in indi-
vidual monomers are allowed. The incident laser radiation
can induce rotational Raman transitions in H2. These ones
are combined with the rototranslational transitions appearing
due to the effect of the relative rototranslational movement

of the atom with respect to the molecule. For instance in
H2–He, the electromagnetic radiation is absorbed by the di-
pole moment which is collision-induced.14,15 Similarly, the
third rank tensor of the first dipole hyperpolarizability � re-
sponsible for the hyper-Rayleigh scattering of light is incon-
sistent with any centrosymmetic microsystem. The collision
induced first dipole hyperpolarizability tensor ���R� appears
however as a result of the intermolecular interaction.16 In the
paper, we discuss the CIHR binary spectra of the H2–He
mixture. We lean heavily on an recent, exhaustive computa-
tional study of the interaction electric dipole moment, polar-
izability, and hyperpolarizability of the helium-dihydrogen
pair.17

Hyper-Rayleigh and hyper-Raman spectroscopy has long
history since the early work of Kielich,16,18 Maker and
co-workers,19,20 Cyvin et al.,21 and Long.22 Recently, experi-
mental method development opened new possibilities in this
field due to microspectroscopic methods and substantial im-
provements in the detection of very low optical signals.23,24

II. SYMMETRY ADAPTED COMPONENTS OF THE
COLLISION-INDUCED PAIR HYPERPOLARIZABILITY
OF H2–He

The ab initio Cartesian components of the collision-
induced hyperpolarizability of the H2–He pair are given in
Tables I and II �see Ref. 17 for more details�. In our compu-
tations, the internuclear distance RH–H is equal to 1.449a0.

Here the sets of equations9 for the collision-induced hy-
perpolarizability components �for the detailed discussion, see
also Ref. 25�,

���
�K��R� = � 4�

2K + 1
�1/2

�
�L

�2L + 1�1/2

����L
�K��R�Y�����C��L0

K� , �1�

have been inverted to allow computation of the symmetry
adapted components ���L

�K��R� for the vector-like �K=1� and
the septor-like �K=3� part of the collision-induced H2–He
hyperpolarizability tensor. There are certain restrictions on
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the symmetry adapted coefficients ���L
�K��R� of Eq. �1� im-

posed by the geometry of the system.9 For the hyperpolariz-
ability tensor �K=1 and/or 3�, �+L must be odd. On the
other hand for the H2 �homonuclear� molecule � must be
even15 ��=0,2 ,4 ,¯�. Another restriction results from the
Clebsch–Gordan coefficient C��L0

K� in Eq. �1�. For the vector
part �K=1�, only the relations �=L−1 and/or �=L+1 are
allowed. For the septor part the following relations are pos-
sible: �=L−3, �=L−1, �=L+1, �=L+3. From the ab
initio Cartesian collision-induced hyperpolarizability compo-
nents computed for He located on an axis at 0°, 45°, and 90°
in respect to the internuclear axis of H2, we calculate, solving
Eq. �1�, four ab initio vector-type �K=1� symmetry adapted
components with �L indices equal to 01, 23, 25, and 45. We
neglect the 43 symmetry-adapted component following the
arguments from Ref. 15. These components are given in Fig.
1. For the septor part �K=3� of the H2–He collision-induced
hyperpolarizability, we compute seven ab initio symmetry
adapted components with �L equal to 03, 21, 23, 25, 41, 43,
and 45. The septor-type components are presented in Fig. 2.
These components are suitable in the computation of the
CIHR spectrum8,26 of the H2–He pair since their index �

gives us the selection rules for the rotation motion of H2

molecule whereas the index L leads to selection rules of the
relative rotation motion of He in respect to H2. Accurate
H2–He intermolecular potential energy surface in also
necessary.27,28

On the other hand, the asymptotic long-range part of the
collision-induced hyperpolarizability can be constructed
within the multipolar series.29–31 Additional restrictions are
imposed then on � and L for multipole-like symmetry
adapted components. Certain symmetry-adapted components
�mainly of isotropic and anisotropic overlap origin� allowed
by Eq. �1� are not possible in the multipolar case. In the case
of the long-range multipole first-order collision-induced hy-
perpolarizability, L is equal to the rank N of the intermolecu-
lar interaction tensor TN

�AB�.9,31 The next multipolar mecha-
nism and the second- and higher-order perturbation theory
contributions are also possible but usually give rather small

TABLE I. The Cartesian components of the H2–He collision-induced hy-
perpolarizability for the L shape configuration �left panel� and the T shape
configuration �right panel�. All data are given in atomic units.

R ��xxz�R� ��zzz�R� ��xxx�R� ��xyy�R� ��xzz�R�

3.0 7.12 20.61 13.38 4.73 5.26
3.5 4.21 16.64 10.41 2.94 3.24
4.0 2.61 12.30 7.65 1.87 2.06
4.5 1.63 8.43 5.22 1.18 1.31
5.0 1.02 5.36 3.29 0.74 0.83
5.5 0.63 3.14 1.90 0.46 0.53
6.0 0.40 1.69 0.99 0.29 0.34
7.0 0.17 0.33 0.15 0.13 0.16
8.0 0.09 �0.04 �0.06 0.07 0.09
9.0 0.05 �0.09 �0.08 0.04 0.05

10.0 0.03 �0.07 �0.06 0.03 0.03
11.0 0.02 �0.05 �0.04 0.02 0.02
12.0 0.02 �0.04 �0.03 0.01 0.02

TABLE II. The Cartesian components of the H2–He collision-induced hy-
perpolarizability. The atom of helium is located on a line in 45° of the H–H
axis. All data are given in atomic units.

R ��xxx�R� ��xyy�R� ��xxz�R� ��yyz�R� ��xzz�R� ��zzz�R�

3.0 11.51 4.00 3.79 4.24 4.08 13.53
3.5 8.01 2.43 3.36 2.57 3.53 9.26
4.0 5.52 1.52 2.60 1.61 2.72 6.32
4.5 3.66 0.96 1.82 1.01 1.89 4.17
5.0 2.32 0.60 1.15 0.63 1.20 2.63
5.5 1.40 0.37 0.65 0.39 0.68 1.57
6.0 0.81 0.24 0.33 0.25 0.34 0.90
7.0 0.25 0.11 0.02 0.11 0.02 0.27
8.0 0.07 0.06 �0.05 0.06 �0.05 0.08
9.0 0.03 0.03 �0.05 0.03 �0.05 0.02

10.0 0.01 0.02 �0.04 0.02 �0.04 0.01
11.0 0.01 0.01 �0.02 0.01 �0.03 0.01
12.0 0.01 0.01 �0.02 0.01 �0.02 0.00

FIG. 1. The R dependence of the ���L
�1��R� irreducible spherical symmetry

adapted components of the vector �K=1� part of the collision-induced first
dipole hyperpolarizability tensor for H2–He vs intermolecular distance R, in
atomic units. Curves are labeled by �L. The collision diameter 	 of the
H2–He is marked and the pair correlation function is shown as well.

FIG. 2. The R dependence of the ���L
�3��R� irreducible spherical symmetry

adapted components of the septor �K=3� part of the collision-induced first
dipole hyperpolarizability tensor for H2–He vs intermolecular distance R, in
atomic units. Curves are labeled by �L. The collision diameter 	 of the
H2–He is marked and the pair correlation function �classical and semiclas-
sical� is shown as well.
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�and mainly short-range� corrections. However in the case
of the second order induction contribution to the collision-
induced hyperpolarizability30,32 two interaction tensors are
involved and in general we have contribution of the type
�TN1

�AB�
� TN2

�AB��J where �N1−N2�
J
N1+N2 and then L=J.

This shows that for example when N1=2 and N2=3 the in-
duction contributions with L=1 are also possible. The dis-
persion contributions are also present.

For the collision-induced hyperpolarizability, the lowest
value of L equal to three is due to dipole-quadrupole type
interaction �L=1+2�. In this case, the collision-induced hy-
perpolarizability components behave like R−4. Then for the
vector part �K=1� of the collision-induced hyperpolarizabil-
ity tensor, the components only with �L equal to 23 and 45
have their multipolar counterparts ��=L−1�. For the septor
part, the multipolar type symmetry adapted components are
of the form ��03

�3��R�, ��23
�3��R�, ��25

�3��R�, and ��45
�3��R� ��

=L−1 and �=L−3�. We note that the last two components
are for L=5. The L=3 type components result mainly from
�B mechanism where the dipole polarizability tensor of He
interacts via the dipole2-quadrupole B tensor of H2 together
with the mechanism where the B tensor of He interacts with
the dipole polarizability of H2. In our discussion we follow
the notation of Buckingham.33 Within the interaction of the
L=5 type, �L=3+2�, the dipole-octopole polarizability ten-
sor E of H2 molecule interacts with the B tensor of He. But
this contribution is expected to be of short range and rather
small. The contributions to collision-induced hyperpolariz-
ability from the second hyperpolarizability � of He interact-
ing with the permanent multipole moment Q of H2 are also
possible and, in special cases, appear very important �see,
e.g., Ref. 34�. Kielich et al.35,36 attributed almost all CIHR
integrated intensity in liquids to the �T3

�AB�Q mechanism.
See also Refs. 29–31.

We fit our numerical data with the following function:

���L
�K��R� = �aR2 + b�exp�cR − dR2�

+
e

R4 +
f

R7 +
g

R9 +
h

R11 +
i

R13 . �2�

The fitted numerical coefficients of the vector part of the first
dipole collision-induced hyperpolarizability of the H2–He
pair are collected in Table III. Moreover, the fitting numeri-
cal coefficients of the septor part are given in Table IV. All
data there are given in atomic units.

III. COLLISION-INDUCED SPECTRUM OF HYPER-
RAYLEIGH SCATTERED LIGHT FOR MOLECULAR
HYDROGEN-HELIUM SUPERMOLECULAR
SYSTEM

The CIHR spectra have been described extensively in
our recent papers.8,37–39 Here we present only the most im-
portant points. We consider the right angle geometry for ob-
servation of the binary H2–He CIHR spectra with no ana-
lyzer in the experimental setup. We assume the incident laser
beam of frequency � to be polarized in the scattering plane
as well as perpendicularly to this plane. For these conditions,
we observe the depolarized �IH� and the polarized �IV� CIHR
light scattering spectra, respectively. Since the anisotropy of
the H2–He potential is small, we restrict our considerations
to the isotropic potential approximation.26 In this case, po-
tential rotational and translational motion are separable.
Then, for the double differential cross section for the CIHR
depolarized component, we obtain39

TABLE III. The fitted numerical coefficients of the subsequent spherical components of the dipolar �K=1� part of the collision-induced H2–He hyperpolar-
izabilty. The fitting function is given by Eq. �2�. Powers of ten are in parentheses.

�L a b c d e f g h i

01 �0.702��3� 0.903�0� 0.368�0� 0.612��1� 0.681�3� �0.206�7� 0.600�8� �0.661�9� 0.261�10�
21 0.123��5� �0.202��3� 0.159�1� 0.124�0� �0.116�3� 0.168�6� �0.424�7� 0.398�8� �0.131�9�
23 �0.360��9� 0.482��7� 0.362�1� 0.248�0� 0.595�2� �0.144�6� 0.360�7� �0.334�8� 0.109�9�
45 0.334��3� 0.120�1� �0.378�0� 0.192��4� �0.261�3� 0.957�5� �0.205�7� 0.176�8� �0.551�8�

TABLE IV. The fitted numerical coefficients of the septor �K=3� part of the collision-induced H2–He hyperpolarizabilty used in Eq. �2�. Powers of ten are
in parentheses.

�L a b c d e f g h i

03 0.215��5� �0.143��2� 0.155�1� 0.115�0� �0.891�3� 0.550�6� �0.149�8� 0.145�9� �0.487�9�
21 �0.105��4� �0.146��1� �0.183��1� 0.117��1� 0.446�2� 0.319�5� �0.898�6� 0.870�7� �0.291�8�
23 0.126��4� �0.733��3� 0.135�1� 0.119�0� 0.202�3� 0.341�5� �0.759�6� 0.646�7� �0.196�8�
25 0.178��8� �0.207��6� 0.340�1� 0.244�0� �0.701�2� 0.124�6� �0.315�7� 0.294�8� �0.961�8�
41 �0.161��2� �0.506��1� 0.457��1� 0.213��1� 0.292�3� �0.272�6� 0.716�7� �0.745�8� 0.283�9�
43 0.537��4� �0.117�0� �0.347��1� 0.224��1� 0.159�3� 0.662�4� �0.164�6� 0.985�6� �0.125�7�
45 0.223��8� �0.279��6� 0.329�1� 0.232�0� 0.134�3� 0.102�5� �0.153�6� 0.372�6� 0.192�7�
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�/I0
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�
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45�
�L

�
j j�

Pj�2j + 1��2j� + 1�

�� j � j�
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�2

g�L
�1��� − � j j��

+
8

105�
�L

�
j j�

Pj�2j + 1��2j� + 1�

�� j � j�

0 0 0
�2

g�L
�3��� − � j j��
 , �3�

where �=2� stands for the angular frequency shift. The
formula corresponding to the polarized intensity IV is analo-
gous to Eq. �3�; we only must change the vector part numeri-
cal coefficient 2/45 of Eq. �3� to 2/9 and the septor part
numerical coefficient 8/105 to 2/21. In Eq. �3�, � j � j�

0 0 0
� de-

notes the 3− j Wigner symbol, and Pj is the Boltzmann popu-
lation factor. The g�L

�K���� functions appearing in Eq. �3� rep-
resent the translational profiles originating from the relative
rototranslational motion of the He molecule with respect to
the H2 molecule. We note that each translational function is
shifted by a frequency of the hydrogen molecule rotational
transition � j j�. The translational functions g�L

�K���� have been
computed by applying the symmetry adapted components
���L

�s,K��R� of the collision-induced H2–He hyperpolarizabil-
ity tensor presented in Sec. II by the quantum mechanical
�QM� as well as semiclassical �SC� methods discussed in
details in our previous papers.8,39 Here we restrict the pre-
sentation to the results of our numerical computations.

IV. NUMERICAL RESULTS AND DISCUSSION

A. Collision-induced hyperpolarizability

An inspection of Figs. 1 and 2 shows that the vector part
of the collision-induced H2–He hyperpolarizability tensor is
stronger that its septor part. Among the vector-type compo-
nents, the isotropic-overlap type component ��01

�1��R� plays a
predominant role. Moreover, our results show that the ex-
change and overlap effects are relatively stronger for H2–He
than for the H2–Ar pair studied previously by us.8,9 The
relative importance of induction and dispersion interactions
increases in H2–Ar due to the large polarizability and hyper-
polarizability of Ar �as the atomic polarizability increases,
the relative importance of induction and dispersion interac-
tions increases�.30 In the same spirit, we observe the dimin-
ishing role of the leading multipolelike component ��23

�1�

��R� in the vector part of the collision-induced H2–He hy-
perpolarizability, as compared to the H2–Ar case. The same
holds true for the septor components ��03

�3��R� and ��23
�3��R�.

B. CIHR spectrum

In this paper we present a comprehensive study of the
collision-induced nonlinear first-hyperpolarizability property
of the H2–He pair and we discuss the CIHR spectrum of this
mixture. We computed the CIHR binary spectra of H2–He at
T=295 K by using QM and SC methods described in our
previous papers.8,38,39 In particular, the SC intensities are ob-

tained by the same way as in Ref. 8 from the classical spectra
desymmetrized so as to recover as close as possible the SC
spectral moments calculated according to the sum rules
within the framework of the SC Wigner–Kirkwood
approximation.15 It is worthy of note, especially for a pair
including a light atom like helium, that the discrepancies
between the QM and the SC translational spectra of the vec-
tor and septor components are systematically small �a few
percent� at low frequencies although they grow in the far
wings. However, due to the convolution of the translational
contributions with the corresponding rotational stick spectra,
these far wings do not contribute significantly to the total
spectrum. Therefore, the differences between QM and SC
calculations are hardly visible on the final total spectra rep-
resented in the logarithmic scale. In Fig. 3, we present our
CIHR binary polarized IV�V� and depolarized IH�H� spectra
of the H2–He pair given in absolute units at T=295 K and
for an exciting laser wavelength �L=1064 nm. We plot in
this figure the resulting V and H spectra as well as two rep-
resentative V and H subspectra attributed to the vector sym-
metry adapted component ��01

�1��R� and to the septor symme-
try adapted hyperpolarizability component ��41

�3��R�. We note
that the vector part of the collision-induced H2–He hyperpo-
larizability plays the predominant role in shaping the overall
�both V and H� spectra in the low and intermediate frequency
range. It is worthy to note that these intensities, mainly re-
lated to the 01 vector component, are of the same order of
magnitude ��10−79 cm8 s erg−1� as those of the correspond-
ing H2–Ar spectra �resulting mainly, in the case of H2–Ar,
from the 03 septor component�.8 Presumably, this circum-
stance arises from the strong overlap interaction of He and
H2 and the large 01 component for the H2–He pair. More-
over, the contribution brought to the H2–He spectra by the
septor part could be detected in the far wings. In Fig. 4 we

FIG. 3. The CIHR binary polarized IV �V; in red� and depolarized IH �H; in
blue� spectra of the H2–He pair at T=295 K vs frequency shift with regard
to the central frequency 4�c /�L, where �L=1064 nm is the exciting laser
wavelength. We plot in this figure the resulting V and H spectra �solid lines�
as well as two representative V and H subspectra due to the most prominent
vector symmetry adapted component ��01

�1��R� and due to the septor sym-
metry adapted hyperpolarizability component ��41

�3��R� contributing substan-
tially at far wings. Moreover in the vector case, we show the discrepancies
at high frequencies between the QM �dots� and the SC �dashed lines�
calculations.
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present the depolarization ratio IH / IV, which supports very
nicely the above conclusions. The depolarization ratio is very
close to its vector part value equal to 0.2 in the low and
intermediate frequency range and grows at the high fre-
quency wings approaching slowly its septor part value equal
to 0.8.
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APPENDIX: FEASIBILITY OF THE EXPERIMENT

Our results are given in the absolute units �Fig. 3� and
our highest intensity is IV=6.81�10−79 cm8 s erg−1 in the
vicinity of 0 cm−1. Then, assuming the irradiance of the in-
cident radiation, we can estimate the number of the CIHR
photons for a typical scattering experiment. Consider for ex-
ample a pulsed neodymium-doped yttrium aluminum garnet
laser operating at �L=1064 nm. In the experiments of Pyatt
and Shelton40 on hyper-Rayleigh scattering in several gas
samples, the beam waist radius in the focal plane was wf

=7.5 �m and the pulses had a r=1.5 kHz repetition rate, a
�=100 ns duration and a �=0.7 mJ energy. We can deduce
from these values that the irradiance in the focal plane was41

If =
4�

�
� 1

�wf
�2

�� ln�2� = 7,4 GW cm−2. �A1�

Besides in the case of the CIHR polarized spectrum, the
energy scattered near 0 cm−1 per second and per cm−1 is
given by

Es = r��sVsnH2
nHeIf

2IV�0� , �A2�

where Vs and �s stand for the scattering volume and the
solid collection angle, respectively, and nX is the density
number of the gas X. The scattering volume can be defined
as a function of the beam waist and of the confocal param-
eter �Vs= �� /�L���wf

2�2�. Thus for experimental conditions

similar to those described by Pyatt and Shelton,40 for a 1:1
mixture of H2+He both at 30 amagat and considering that
only 1% of the scattered radiation is detected, the CIHR
signal is expected to be of 1.1�10−3 photon per second near
0 cm−1 and per cm−1. This order of magnitude can be com-
pared to the 2�10−3 cps reported by Pyatt and Shelton40 for
hyper-Rayleigh �allowed� intensities. Moreover, Eqs. �A1�
and �A2� show that Es / IV �or Es / IH� is only proportional to
�snH2

nHer�2 /�. The use of higher pump intensities can in-
crease the signal and the signal/noise ratio accordingly,
whereas the use of shorter pulse duration times can avoid
thermal effects which result from higher intensities. It is also
possible to increase the gas pressure, as long as three-body
effects can be neglected. This calculation, admittedly rough
and approximate, nevertheless suggests that the CIHR ex-
periment, though difficult to perform, is possible.
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