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The report presents results of theoretical and numerical analysis of the electrical properties related
to the isotropic part of the polarizability induced by interactions within compounds built up of a
hydrogen H2 molecule and a set of noble gas atoms, Rg, ranging from the least massive helium up
to the heaviest xenon perturber. The Cartesian components of the collisional polarizabilities of the
H2–Rg systems are found by means of the quantum chemistry methods and their dependence on the
intermolecular distance is determined. On the basis of these data, the spherical, symmetry adapted
components of the trace polarizability are derived in order to provide data sets that are convenient for
evaluating collisional spectral profiles of the isotropic polarized part of light scattered by the H2–Rg
mixtures. Three independent methods of numerical computing of the spectral intensities are applied
at room temperature (295 K). The properties of the roto-translational profiles obtained are discussed
in order to determine the role played by contributions corresponding to each of the symmetry adapted
parts of the trace polarizability. By spreading the analysis over the collection of the H2–Rg systems,
evolution of the spectral properties with the growing masses of the supermolecular compounds can
be observed. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4892864]

I. INTRODUCTION

The light scattering processes determined by intermolec-
ular correlations and interactions (collision-induced light
scattering, CIS) have attracted considerable attention for a
number of decades and still belong to the core area of in-
terest of many experimental and theoretical groups.1 The
so-called depolarized collisionally-induced light scattering
(DCIS), attributed to the anisotropic part of the polarizabil-
ity tensor of an active supermolecule, was the first effect
of this kind observed in the media composed of noble gas
atoms;2 and the extraction of the polarized, isotropic compo-
nent of the induced scattering (ICIS) intensity, related to the
trace of the polarizability, was to follow after several years.3

Even though both phenomena have become the subject of
thorough research, the ICIS process is significantly less ex-
plored in comparison with DCIS. This situation was mainly
due to the experimental limitations and very weak intensi-
ties of the isotropic contribution to the scattered radiation as
the polarized spectrum turned out to be much weaker and
broader than its anisotropic counterpart. In addition, it could
not be obtained directly from the measured intensities, but
it had to be calculated by subtraction of two values of sim-
ilar magnitude, which usually resulted in substantial experi-
mental uncertainties.4–6 Even more significant hurdles were
encountered, when the spectra were measured in molecular
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gases, such as hydrogen. In that case, the additional difficulty
stemmed from the presence of allowed rotational Raman tran-
sitions, which obscured the diffuse collisional contributions.
Nonetheless, such spectra were analyzed in a number of sys-
tems including noble gas atoms and diatoms,1, 7–9 hydrogen
and deuterium molecules,6, 10–12 and more complex systems,
such as H2O13, 14 and H2S.15, 16 The Rayleigh isotropic spectra
were also studied in N2 gas,17 CF4, CH4, or SF6 species.18–21

Meanwhile, the measuring methods and tools of molecu-
lar spectroscopy have achieved unprecedented sophistication
and their level of accuracy provided opportunities for detec-
tion of very weak signals (e.g., Refs. 9 and 22). Significant
progress has also been made in the ab initio numerical meth-
ods of quantum chemistry23–30 with regard to ability of deter-
mining the collisional electrical properties; similar develop-
ment has improved to great extent theoretical/numerical pro-
cedures of evaluating CIS spectral profiles.31–33

The above realization has called forth anew the question
of mechanisms responsible for inducing the collisional prop-
erties determining the nature of radiative phenomena follow-
ing from the isotropic polarizability. The feasibility of more
precise measurements of polarized intensities has evoked the
need of appropriate theoretical and numerical interpretation
tools. In this study, an apparatus of that kind has been as-
sembled in order to calculate the collisional polarizabilities
and evaluate the connected roto-translational ICIS spectra of
the light scattered by mixtures composed of diatomic hydro-
gen molecules and a complete set of noble gas atoms (except
for Rn).
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Such a choice of the scattering systems to consider seems
rather obvious, physically and historically. The noble gas me-
dia were among the first atomic species in which the ICIS
effect was detected; whereas hydrogen, is among the most
popular molecular scatterers and absorbers for its relative
computational simplicity and importance for astrophysical
research.34, 35 Additionally, the quantum features of H2 as a
quantum rotator with a large rotational constant make this
molecule a convenient object of spectral measurements of rel-
atively weak effects, for instance ICIS, which otherwise could
be masked by much pronounced signals.

Moreover, since the earliest empirical measurements of
ICIS, it has been known that the properties of the noble gas
spectra may noticeably differ from those of hydrogen lines.
This is usually accounted for by a hierarchy of importance
among the types of interactions responsible for inducing col-
lisional properties, especially, as far as the range of forces
is considered.6, 12 In view of this conclusion, it appears as a
rather natural idea to have a better theoretical insight into rel-
evant properties of the systems that combine the qualities of
H2 and Rg. For example, this kind of research gives a good
opportunity to observe a gradual evolution of the electrical
properties and related spectra with the growing mass of noble
gas moieties.

It is also worth noting that similar research into the elec-
trical features of H2–Rg supermolecules was earlier under-
taken for collision-induced dipole moments of H2–He and
H2–Ar mixtures in works considering the collisional induced
absorption effects, mainly in an astrophysical context.36–40 To
the best of our knowledge none of the remaining pairs, with
Rg = Ne, Kr, and Xe, have received much attention in reports
on collisional absorption yet published. Besides, a series of
articles devoted to the so-called hyper-Rayleigh collisional
scattering have appeared in which a comparative study on
the evolution of collisional properties (hyperpolarizabilities
in this case) within the whole set of the H2–Rg compounds is
discussed.41–47

The ideas formulated in the previous paragraphs find
their practical realization in this work. Namely, Sec. II sheds
light on the importance of theoretical determination of the
trace of the collisional polarizabilities in interpreting possible
experimental results of the isotropic scattering signals. Gen-
eral description of the methodology of expressing these prop-
erties in terms of both Cartesian and spherical tensor approach
is presented in Sec. III. In Sec. IV, the ab initio methods of
quantum chemistry are applied to determine a functional de-
pendence of Cartesian components of the trace polarizability
of H2–Rg systems on the intermolecular distance. The Carte-
sian values are subsequently transformed into the so-called
symmetry adapted (SA) spherical components33 suitable for
calculating spectral shapes of the isotropic collisional scat-
tering. Appropriate expressions defining the intensities of the
scattered light are presented in Sec. V, where three different
schemes of evaluating the desired ICIS profiles are proposed:
the quantum mechanical48 (QM), semi-classical48 (SC), and
close coupling11, 49 (CC) approach. The calculations are per-
formed under certain assumptions with regard to the prop-
erties of the scattering systems. Foremost, only the binary,
two molecule collisions are taken into account. Second, the

isotropic potential approximation (IPA) is applied at the first
stage of analysis. Additionally, in the CC computing proce-
dure, the anisotropy of the potentials can be also “switched
on,” so that the influence of the angular dependence of the
interactions could be estimated. Finally, the calculated po-
larizabilities and related spectral profiles are presented and
their interpretation is given in the concluding paragraphs of
the work in Sec. VI.

II. COLLISION-INDUCED ISOTROPIC SPECTRUM:
GENERAL CONSIDERATIONS

Let us consider the light scattering experimental setup.
The directions of the incident and scattering beams define
the scattering plane. The scattered light is observed at the
right angle with respect to the incident beam. If one assumes
two independent light scattering intensity measurements, one
with laser polarization perpendicular to the scattering plane
(JV (ω)) and the second one with the laser polarization paral-
lel to the scattering plane (JH (ω)). No analyzer is used. The
anisotropic and isotropic intensities, D(ω) and Jiso(ω), may
be obtained from the measured intensities JV (ω) and JH (ω)
and from the following equations:1, 50

JH (ω) = a Jiso(ω) + d D(ω),
(1)

JV (ω) = cJiso(ω) + bD(ω),

where a, b, c, and d are coefficients dependent on the angle
used to collect the scattering beam. For instance, if its value is
set to 90◦, a = 0, b = 7/6, and c = d = 1. However, in a realis-
tic situation, a detector has finite dimensions, which modifies
the actual values of the coefficients.51 The isotropic spectrum
cannot be measured directly, yet on the grounds of the equa-
tion set, Eq. (1), it can be determined as a weighted difference
of the JV (ω) and JH (ω) spectral intensities.52 Theoretically,
the CI isotropic spectrum is computed if the isotropic part of
the CI polarizability tensor is known.

III. COLLISION-INDUCED POLARIZABILITY:
THEORETICAL OUTLINE

A. Cartesian approach

The present calculation of the interaction-induced elec-
tric properties of the H2–Rg (Rg = He, Ne, Ar, Kr, and Xe)
pairs leans heavily on previous experience on He–He, Ne–Ne,
Ar–Ar, Kr–Kr, H2–H2, Ne–HF,23 CO2–Rg,24 Ne–Ar,25 Xe–
Xe,53 Kr–Xe,26 and Rg–He.54 Only a few essential points of
the computational approach are given here. The energy Ep of
an uncharged molecule in a weak, homogeneous static elec-
tric field can be expanded as55

Ep = E0 − μα Fα − (1/2)ααβ Fα Fβ − (1/6)βαβγ Fα Fβ Fγ

− (1/24)γαβγ δ Fα FβFγ Fδ + . . . , (2)

where Fα. . . is the field, while E0 is the energy of the free
molecule. Here, the tensorial notation for the electric prop-
erty is used: μα is the dipole moment, ααβ is the dipole po-
larizability, βαβγ is the first dipole, and γ αβγ δ is the sec-
ond dipole hyperpolarizability. Basis set superposition error
effects (BSSE) are removed by the counterpoise method of
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Boys and Bernardi.56 The subscripts denote Cartesian com-
ponents and a repeated subscript implies summation over x,
y, and z. The number of independent components needed to
specify the above tensors is strictly regulated by symmetry.57

In the calculations, three distinct configurations are chosen
defined by the angle θ determining the orientation of the
H2 internuclear axis with regard to the vector connecting the
mass centers of H2 and Rg, namely, θ = 0◦, 45◦, or 90◦. The
computational complexity varies considerably in each case,
depending on the respective symmetry. Thus, the number of
independent collisional components is:

� for C∞υ symmetry (θ = 0◦, linear or L-configuration),
one for the dipole moment (	μz), two for the polariz-
ability (	αxx, 	αzz), and two for the first hyperpolar-
izability (	βxxz, 	βzzz),

� Cs (θ = 45◦), two (	μx , 	μz), four (	αxx, 	αyy,
	αxz, 	αzz), and six (	βxxx, 	βxyy, 	βxxz, 	βyyz,
	βxzz , 	βzzz)

� C2v (θ = 90◦ or T-configuration), one (	μx), three
(	αxx, 	αyy, 	αzz), and three (	βxxx, 	βxyy, 	βxzz).

The components of the collisional polarizabilities listed above
are computed by means of the QC methods described in
Secs. IV and are subsequently applied as input data for
the symmetry adapted calculations based on procedures dis-
cussed in Sec. III B below.

B. Spherical tensor representation

The values of the spherical components of the collision
induced pair polarizability tensor, 	α, for a system composed
of a linear molecule and an atom (H2–Rg in this work) are
determined by the molecular orientation 
H2

( ≡ θ ) with re-
gard to the relative intermolecular separation vector R. The
	α

(K)
μ (R̂,
H2

) dependence can be expressed as a series ex-
pansion in term of the spherical harmonics58–60

	α
(K)
μ (R,
H2

) = 4π

(2K + 1)1/2

∑
λ,L

	α
(K)
λ L (R)

×{Yλ(
H2
) ⊗ YL(R̂)}Kμ . (3)

If the vector, R̂, is assumed to be parallel to the
reference frame z-axis, the spherical function YLM

= √
(2L + 1)/4π δM0. For the isotropic scattering, i.e.,

when K = 0, λ equals L and, consequently, Eq. (3) transforms
to

	α
(0)
0 (R) =

(
4 π

2K + 1

)1/2 ∑
λ

(2L + 1)1/2 	α
(0)
λ λ(R)

×Yλ0

(

H2

)
C0 0

λ 0 λ0, (4)

where C
cγ

aα bβ stands for the Clebsch-Gordan coefficient.61 The
coefficients 	α0

λλ(R) in Eq. (4) are the so-called symme-
try adapted components of the collisional polarizability 	α,
which can be determined by considering three molecular ar-
rangements: H2 molecule is parallel to the axis z, H2 molecule
is perpendicular to the z axis, and molecule H2 makes an angle
of 45◦ with the z axis. As a result, a set of three independent

equations, stemmed from Eq. (4), can be derived, from which
the SA polarizability components: 	α

(0)
0 0(R), 	α

(0)
2 2(R), and

	α
(0)
4 4(R) are obtained. In the further course of the study, this

allow us to compute the CI isotropic light scattering spectra
for the H2–Rg pairs.

IV. COLLISION-INDUCED POLARIZABILITIES:
COMPUTING METHOD

The interaction quantity Pint(H2–Rg) (the polarizability
in this study) at a given position of the Rg atom, defined by R
= (R, θ ), is computed as

Pint (H2 − Rg) ≡ Pint (H2 − Rg)(R) = P (H2 − Rg)(R)

−P (H2 − X)(R) − P (X − Rg)(R). (5)

The symbol P(H2 − Rg)(R) denotes the property P for H2
− Rg. P(H2 − X)(R) is the value of P for subsystem H2 in
the presence of the ghost orbitals of the subsystem Rg, which
appear in the Boys–Bernardi method and are adapted in this
paper for the removal of the BSSE.56

The computational methods used in this paper are self-
consistent field (SCF) and the conventional post-Hartree-Fock
approaches second-order Møller-Plesset Perturbation Theory
(MP2) and coupled-cluster theory with singles and doubles
(CCSD). Detailed presentations of these methods are given in
standard high-level textbooks.57 Their performance in inter-
action electric properties has been carefully tested in previous
work. See, for instance, work on CO2–Rg,24 Ne–Ar,25 and
He–Ne62 for a comparison of CCSD to CCSD(T), which in-
cludes an estimate of connected triple excitations obtained via
a perturbational treatment.

The choice of suitable basis sets for calculations of
interaction-induced electric (hyper) polarizabilities deserves
special attention.63–66 In this work, atom-specific or molecule-
specific purpose-oriented basis sets are exclusively used. In
previous work, it has been shown that such basis sets are eas-
ily obtained for small systems such as atoms,67 diatomics,65, 68

triatomics,67, 69 and small symmetrical polyatomics.70, 71

Here, only a succinct presentation of the essential char-
acteristics of the calculations performed for the pairs H2–Rg
(Rg = He, Ne, Ar, Kr, and Xe) is given. All calculations have
been performed with the Gaussian30, 72 sets of programs.

� H2–He. A full presentation of the computational
effort on this system has been given in Ref. 73.
The interaction-induced properties are calculated
at the CCSD(Full) level of theory with a H2/He
= [6s4p3d1f/6s4p3d1f] basis set. Both the dihydro-
gen and helium parts are augmented versions of the
[6s4p1d] basis used on H2–H2 and the [6s4p3d] one
used on He–He.23

� H2–Ne. The calculations were performed at the
CCSD(Full)/ [6s4p3d/7s5p4d1f] level of theory. The
H2 = [6s4p3d] basis set is an augmented version of
the basis set used on calculations on H2–H2 and Ne
= [7s5p4d1f] the basis used for the calculation of the
interaction-induced properties of the Ne–Ne pair.23

� H2–Ar. Some computational details have been given
in previous work.74 All calculations were performed
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at the MP2(FC)/[6s4p2d/8s6p5d4f] level of theory.
The ten innermost MO were kept frozen. The H2
= [6s4p2d] basis is an augmented version of the
[6s4p1d] one used on calculations on H2-H2 and
[8s6p5d4f] is the basis used for the calculation of the
interaction-induced properties of the Ar–Ar pair.23

� H2–Kr. Computational aspects of the calculations on
H2–Kr will appear in a separate paper. The calculations
were performed at the CCSD(FC)/[6s4p3d/8s7p6d1f]
level of theory with the nine innermost MO frozen.
The H2 part is the same as the one used on H2–Ne, see
above. The Kr = [8s7p6d1f] basis is the one used for
the calculation of the interaction-induced properties of
the Kr–Kr pair.23

� H2–Xe. A detailed presentation of the calculations on
H2–Xe will be given elsewhere. All calculations were
performed at the CCSD(FC)/[6s4p3d/9s8p7d1f] level
of theory with the 18 innermost MO frozen. The H2
= [6s4p3d] basis is the same as for H2–Kr. The basis
set on Xe = [9s8p7d1f] is an atom-specific, purpose-
oriented basis set.26

In the following step, the Cartesian polarizabilities ob-
tained by the procedures described above are converted to
the symmetry adapted spherical components. Eventually, the
later quantities are fitted to a functional form suitable in
the spectral profiles computing schemes applied in the sec-
tion hereafter. The details of the fitting routines are given in
Refs. 42–44.

V. SPECTRAL CONSIDERATIONS
AND CALCULATIONS

In general, the potential of interaction between the moi-
eties of the H2–Rg systems is the anisotropic, angular-
dependent, property that typically is expressed in the form of
Legendre expansion75

V (r, R) =
∑

γ

Vγ (R, r) Pγ (̂r · R̂), (6)

where r is the bond axis vector of H2. The subscripts γ

are even integers due to the inversion symmetry of the H2-
molecule. However, quite often, it can be safely assumed that
for the supermolecular compounds consisting of hydrogen
molecules the influence of the anisotropic part of V is rather
weak.36, 76 On the other hand, some of the spectral features
of collisional absorption processes in the mixtures of H2 and
Rg components were seen as quite significantly accounted for
by the anisotropy of the systems.39, 40, 77 Therefore, although
the isotropic potential approximation approach is also domi-
neering in the analysis to follow, more careful attention will
be also given to a possible role of the anisotropic interactions
in shaping the properties of the supermolecules and the per-
formance of the effects studied. In the calculations presented
below, a number of potential surfaces are applied for the sys-
tems considered: the Schaefer and Kohler model75 for H2–
He, Lique’s evaluation78 for H2–Ne, the functions provided
by Williams et. al. for H2–Ar,79 and those published by Le
Roy and Hutson in the H2–Kr/Xe cases.80

A. Isotropic potential approximation

When the spherical symmetry approximation of the in-
teractions is taken into account, the H2 molecules can be re-
garded as free linear rotators, of which angular motion may
be treated separately from the translational degrees of free-
dom characterizing the intermolecular motion of H2 and Rg.
On this assumption, the relevant polarizability autocorrelation
function F(t) of the radiation scattered by a sample of volume
V can be split into a product of the rotational, Rrot(t), and the
translational, Str(t), components58, 81–83

F (t) = 1

V
Rrot (t) Str (t). (7)

Hence, the spectral distribution of the scattered light in-
tensity expressed by the differential light scattering cross sec-
tion per pair of colliding entities can be written as a series
of convolutions of the Fourier transforms of Rrot(t) and Str(t)
functions1, 10, 83, 84 related to a specific SA polarizability com-
ponent 	α

(0)
λλ ,

J
iso

(ω) = V

(
∂2σ

∂
∂ω

)
iso

= k4
s

∑
λ

∫
R

(0)
λ (ω′) g

(0)
λλ (ω − ω′) dω′, (8)

In the equations above, the frequencies are shifted with re-
spect to a laser line of wavelength λ0 (in present calculations,
the green line of wavelength λ0 = 514.5 nm is used), ω = ω0
− ωs, and the spectral distributions are normalized with the
incident energy flux of the laser beam, while ks denominates
the wave vector magnitude of the scattered signal at the fre-
quency ωs. It is noteworthy here that, depending on the exper-
imental context, the coefficient k4

s is often replaced by k0k
3
s .

Namely, when photon counting measurements are analyzed,
the definition in Eq. (8) should be multiplied by the scale fac-
tor κ = k0/ks. The two conventions, however, are fully con-
vertible by applying this multiplier, which usually does not
exceed unity by more than 2% .83 In this work, the photon
counting approach is found more appropriate in the close cou-
pling considerations of Sec. V B.

The rotational contribution to the spectrum can be de-
rived on the grounds of the standard quantum mechanics pro-
cedures yielding42, 85

R
(0)
λ (ω) = 1

3

∑
j
i
,j

f

(2ji + 1)(2jf + 1)gj
i

exp
(−Erot

j
i

/k
B
T
)

Z

×
(

ji λ jf

0 0 0

)2

δ(ω − ωj
i
j
f
) (9)

with the rotational energy of H2 molecules Erot
j = B j (j + 1)

and the frequency shift defined as ωj
i
j
f

= −(Ej
f

− Ej
i
)/¯,

where i and f indices are used to mark the initial and final

state, respectively. The coefficient

(
j λ j

′

0 0 0

)
denotes the
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3–j Wigner symbol,61, 86 Z is the rotational partition func-
tion, gj is the nuclear-statistical weight (gj = 1 for even j
in para-H2 and gj=3 for odd j in ortho-H2), while B stands
for the rotational constant of the hydrogen molecule. Note

that (2 j + 1)

(
j λ j

′

0 0 0

)2

is exactly the Placzek-Teller

factor48 for a rotating linear molecule. The expression given in
Eq. (9) determines a spectral distribution of a discrete set of
intensities that are to be enveloped with an appropriate trans-
lational (R-motion related) profiles, (QM,cl)g

(0)
λλ (ω), in order

to produce—via the formula in Eq. (8)— the overall roto-
translational line shape. The main procedure applied in this
study to achieve this goal is based on numerical integration of
the Schrödinger equation determining the relative motion of
the supermolecule components interacting with an isotropic
pair potential. These results are supplemented with the in-
tensities obtained by two other independent methods: the
semi-classical routines and the close-coupling approach used
partially as a benchmarking tool testing the reliability of the
spectral profiles obtained. The details of these computing
schemes are given in a number of previously published works.
Therefore, in Secs. V A 1–V B, a succinct description is only
provided addressing the steps adapted to the specific require-
ments of the radiating effects analyzed.

1. Quantum mechanical computing of translational
spectral profiles: IPA case

In this method, the spectral density function associated
with the relative translational motion is defined as1, 48, 58, 87

(QM)g
(K)
λ L (ω) = V

∑
i,f

(2 li + 1) b(L)
l
f

l
i
Pi

∫ ∞

0

∣∣�∗(R; Ef , lf )

×	α
(K)
λ L (R)�(R; Ei, li) dR

∣∣2
× δ(ω − ωif ), (10)

where the partial wave-functions � are related to the solutions
of the radial Schrödinger equation normalized according to
boundary values 0 as R → 0 and sin (kR − lπ /2 + δl) as R
→ ∞.48 Again, in this expression the Placzek-Teller factor
appears

b(L)l
′
l ≡ (2 l′ + 1)

(
l′ L l

0 0 0

)2

, (11)

this time corresponding to the angular degrees of freedom
characterizing the orientation of the vector R, while Pi de-
notes the probability of finding the sample in the initial state
i. After having performed the steps usually applied in such
calculations (see, e.g., Refs. 10–12, 88, and 89) the following
form of the spectral function can be found in a more workable
form:

(QM)g
(K)
λ L (ω)

= λ3
0

(
2 μ

¯π2

) ∑
l
i
, l

f

(2 li + 1) b(L)
l
f

l
i

×
∫ ∞

0

dEi

(Ei Ef )1/2

[
exp(−Ei/kB T )

×
∣∣∣∣∫ ∞

0
�∗(R; Ef , lf ) 	α

(K)
λ L (R) �(R; Ei, li) dR

∣∣∣∣2
]
,

(12)

where the summation over the states, i and f, is converted into
an integral over energies. Usually, a further refinement of the
expression is achieved by having recourse to the so-called en-
ergy normalization58, 83, 90 of the wave functions (now denoted
�̂), which results in the following equation:

(QM)g
(0)
λ λ(ν)

= 2π ¯ c λ3
0

∑
l
i
,l

f

(2 l + 1) b(λ)
l
f

l
i

∫ ∞

0
dEi

[
exp(−Ei/kB T )

×
∣∣∣∣∫ ∞

0
�̂∗(R; Ef , lf ) 	α

(0)
λ λ(R) �̂(R; Ei, li) dR

∣∣∣∣2
]

,

(13)

additionally specified for the case of the isotropic scatter-
ing, i.e., for K = 0. Herein above, the indexes i and f de-
termine the quantum states of the system determined by the
energies E and the quantum angular momentum number l of
the relative motion of H2 and Rg; λ0—the thermal de Broglie
wavelength—is defined by

λ2
0 = 1

kBT

h2

2πμ
, (14)

where μ is the reduced mass of the system. Moreover, in
Eq. (13) the frequency argument of the spectral function is
expressed in cm−1 by introducing the wavenumber notation,
ν ≡ ω/2πc, in order to make it more consistent with the con-
vention widely used in other works. Hence, the absolute spec-
tral intensity values, Jiso(ν), finally derived are denominated
in cm6 (in CGS).

2. Semi-classical calculations

The translational profiles can be also calculated effi-
ciently by means of the methods based on solving the clas-
sical equations of motion along the trajectories of the col-
liding molecular subsystems. The core quantity obtained in
this manner, the time correlation function of the particular SA
components of the isotropic collisional polarizability85

(L)Str (t) = 4π

2L + 1

∑
λ

〈
	α

(0)
λ λ(R(0)) YL

(
R̂(0)

)

 	α

(0)
λ λ(R(t)) YL

(
R̂(t)

)〉
, (15)

can be subsequently applied to evaluate its Fourier transforms
immediately associated with the spectral intensities needed.
To put it more precisely, while the classical spectra due to
the free molecular pair interactions are considered, the basic
standard procedure is applied based on the preliminary calcu-
lation of the molecular trajectories versus velocity and impact
parameter.1, 85 On doing that, the translational contribution to
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the intensity (Eq. (8)) can be obtained in the following form:

(cl)g
(0)
λ λ(ν) = c

∞∫
0

(
μ

2πkBT

) 3
2

exp

(
− μs2

2kBT

)
4πs3ds

×
∞∫

0

	α̃
(0)
λ λ(b, s, ν)2πb db, (16)

where the impact parameter is denoted by b, while s stands
for the relative velocity of a collisional encounter. The func-
tions 	α̃

(0)
λλ (b, s, ν) are obtained by calculating time integrals

along the classical trajectories. For instance, a relevant ex-
pression for the most significant SA contribution to the central
frequency interval of the isotropic spectra reads

	α̃
(0)
0 0(b, s, ν) = 4

⎛⎝ ∞∫
0

	α
(0)
0 0(t, s, b) cos(2πνt)dt

⎞⎠2

. (17)

For a more detailed description of the numerical procedures
and general formulas the reader is referred to Refs. 1, 48, and
85, and the references therein.

It may be worth noticing that it is also possible to con-
sider the contribution of the pairs trapped in the well of the
intermolecular potential (bound and meta stable dimers);91

however for this work, it is not necessary because the latter,
although it plays a role in the vicinity of the central Rayleigh
line, is not significant in the Rayleigh wings. The classical
spectra (cl)g

(0)
λλ (ω) are obtained in absolute units (cm10, in the

CGS unit system). So, it is possible to check that the integrals
of the quantities (cl)g

(0)
λλ (ω) ω2n correspond to classical spectral

moments M
(cl)
2n obtained by using the sum rules.

Then, the spectra are desymmetrized by multiplying by
appropriately designed functions. Namely, they are linear
combinations of three desymmetrization functions available
in the literature.42 The coefficients of these combinations are
obtained by fitting from the comparison of the successive
moments of the desymmetrized spectra (cl)g

(0)
λλ (ω) with cor-

responding semi-classical spectral moments Msc
n .92 By doing

that, one can evaluate semi-classical spectral lines precisely
reproducing the quantum nature of the phenomena consid-
ered, which makes them a perfect yardstick for gauging the
accuracy of profiles obtained by means of other methods.

B. Close-coupling calculations: The role of the
anisotropic potential components

The computing approach applied in Secs. V A 1 and
V A 2 is based on the H2–Rg interaction model, in which
the potential is treated as an almost isotropic property de-
termined exclusively by the angle independent contribution
to the expansion given in Eq. (6), V0. Hereafter, an analy-
sis is performed in order to find out to what extent this ap-
proximation may serve as a justifiable assumption with re-
gard to the processes discussed in this work. To this end,
a well-known, the so-called close-coupling, scheme of inte-
grating the Schrödinger equation is applied,49 by which the
anisotropic aspect of the interactions can be taken into con-
sideration. Within the CC procedures, the light scattering in-

tensity can be represented by11

J
iso

(ν) = cλ3
0ν

2
s

φ0φsh

∑
α

i

gj
i

exp
(− Erot

j
i

/
kBT

)
Z

×
∫ ∞

0
dEie

−E
i
/k

B
T
∣∣Sα

f
01

α
i
10 (Ei)

∣∣2, (18)

where the photon fluxes for the incident and scattered light
are φ0 and φs, respectively. Assuming that the radiative cou-
pling is weak and using a partial wave expansion for the scat-
tering wave functions yields the coupled radial Schrödinger
equation11, 40

{
Erot

j ′′ − ¯
2

2m

d2

dR2
+ ¯

2l′′(l′′ + 1)

2mR2
+ n′

0¯ω0 + n′
s¯ωs − E

}
×F

αn0ns

α′′n′
0n

′
s
(R; E)δn′

0,1−n′
s

+
∑
α′

Vα′′α′ (R)F
αn0ns

α′′n′
0n

′
s
(R; E)δn′

0,1−n′
s

+
∑
α′

Wα′′α′(R)F
αn0ns

α′′n′
sn

′
0
(R; E)δn′

0,1−n′
s
= 0, (19)

where n0, n′
0 and ns, n′

s designate the photon numbers of
the incident and scattered fields, respectively, and the cor-
responding angular frequencies are ω0 and ωs = 2πcνs.
The short hand notation α = (j, l, J) has been used for
the angular momentum quantum numbers corresponding to
J = j + l , i.e., the total angular momentum being the sum
of rotational and translational angular momenta. The total en-
ergy is E = Ei + Erot

j
i

+ ¯ω0 = Ef + Erot
j
f

+ ¯ωs , where Ei

and Ef are the initial and final asymptotic kinetic energies,
respectively. There are also certain approximating conditions
assumed concerning the basic parameters of the routine. For
instance, the initial H2 rotations included correspond to ji val-
ues of 0, 1, 2, and 3, whereas the final states are characterized
by jf = 0, 2, 3, 4, 5. The maximum total angular momentum
J is equal 40. Moreover, closed channels are included on con-
dition that the total energy is less than 400 cm−1 below the
channel’s asymptotic energy.

The asymptotic solutions of Eq. (19) give the scatter-

ing matrix elements S
α

f
01

α
i
10 corresponding to Raman scattering

through the coupling W (see, e.g., Ref. 93).
When there are no vibrational transitions during the radi-

ation process, the matrix elements of the interaction potential
described by Eq. (6) are

Vαα′ (R) =
∑

γ

〈v = 0|Vγ (R, r)|v = 0〉 fγ (j, l, j ′, l′; J ) δJJ ′

(20)
with the coefficients94

fγ (j, l, j ′, l′; J ) = (−1)j+j ′−J [j ][l][j ′][l′]

{
j l J

l′ j ′ γ

}

×
(

l l′ γ

0 0 0

)(
j j ′ γ

0 0 0

)
. (21)
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The polarized light scattering coupling due to the interaction
induced trace is

Wαα′ (R) =
√

2π¯ω0φ0

c

√
2π¯ωsφs

c

×
∑
λL

(−)

√
1

3
	α

(0)
λL(R)d (0)

λL(j, l, J, j ′, l′, J ) δJJ ′ ,

(22)

where the coefficients d are defined by

d
(K)
λL (j, l, J, j ′, l′, J ′)

= (−)l+j+J

[K]
[j ][j ′][l][l′][J ][J ′][λ][L]

×
(

l L l′

0 0 0

)(
j λ j ′

0 0 0

)⎧⎪⎨⎪⎩
j ′ l′ J ′

j l J

λ L K

⎫⎪⎬⎪⎭ , (23)

where [X] ≡ √
2X + 1.

The procedure presented in this section can be eas-
ily adapted to the situation, when the potential is consid-
ered as isotropic. As a consequence, the numerical results
could be compared accordingly with those yielded by the IPA
methods discussed before. In such a case, the S-matrix ele-
ments can be conveniently computed with the distorted wave
approximation.49 With energy normalization90 of the wave
functions F the squared scattering matrix elements are

|Sα
f

01

α
i
10 (Ei)|2 = 4π2 2π¯ω0φ0

c

2π¯ωsφs

c

{
[ji][li][jf ][lf ]

}2

×
∑
λL

(
ji λ jf

0 0 0

)2(
li L lf

0 0 0

)2

×
[∫

dRF ∗
α

i
10(R; Ei)	α

(0)
λL(R)Fα

f
01(R; Ef )

]2

.

(24)

The wave radial wave functions Fα
i
10 and Fα

f
01 are the solu-

tions of Eq. (19), where only the potential components with γ

= 0 are included and the radiative couplings Wαα′ have been
excluded. In this case, the angular momentum quantum num-
bers are α = (j, l): The total angular momentum quantum
number Ji and Jf are implicitly summed over in the deriva-
tion of Eq. (24) (see, e.g., Ref. 88). The final form of Eq. (24),
when substituted in Eq. (18), results in the expression equiva-
lent to the IPA intensity determined with Eqs. (10)–(13).

VI. RESULTS, FINAL REMARKS, AND ANALYSIS

The focus of the present study was on a collective elec-
trical property—the trace polarizability—induced in systems
composed of hydrogen molecules interacting with noble gas
atoms, Rg = He, Ne, Ar, Kr, Xe. A quantum chemistry
ab initio method was proposed and applied to determine the
components of this quantity, which entered calculations of
isotropic light scattering spectra. The programme was for-
mulated with the goal that the means developed and the re-

sults obtained should pave the way for experimental works
based on methods that have been developed in molecular
spectroscopy throughout recent decades. Therefore, the pre-
sented research included thorough and precise theoretical and
numerical calculations of data suitable for interpretation of
experimental observables. To this end, assuming initially an
isotropic potential between H2 and Rg, the collisional spec-
tra were found. Three independent methods for calculation of
the line shapes were employed in order to provide appropriate
benchmarking criteria for experimentally accepted accuracy.
Among them, a semi-classical method was used to calculate
relative trajectories of the moieties of the pairs, and subse-
quently their correlation and appropriate Fourier transform
found. In the second approach, the relevant Schrödinger equa-
tion for the center of mass of H2–Rg was solved quantum-
mechanically. Then the matrix elements of the trace of
polarizability were calculated. Eventually, very accurate CC
calculations were used in the isotropic potential approxima-
tion and additionally, taking into account the anisotropy of
the H2–Rg pairs. This method led us to the absolute spectra
for all H2–Rg pairs.

The numerical results are presented partially in a tab-
ularized form on the web site http://zon8.physd.amu.edu.pl/
tbancewi (polarizability components) and in a more qualita-
tive manner in Figs. 1–11. The outcome of the three methods
of computing the ICIS profiles is illustrated in Figs. 6–10. In
Figs. 6 and 8, the discrete points mark the IPA CC results
plotted against the QM total lines. The two data sets are con-
sistent to the level of convergence of the calculations, particu-
larly in the frequency range of expected experimental interest
(between 10 and 500 cm−1), with the relative deviation ranges
from negligible values to not much more than 3% . The semi-
classical points are inserted in Fig. 7 (Rg = Ne) for the most
pronounced spectral line assigned to the λ, L = 00 SA polar-
izability component. The difference compared with the QM
result does not exceed 6% and the same applies to the heav-
ier compounds (Rg = Kr and Xe, Figs. 9 and 10), with a few

FIG. 1. Collisional symmetry adapted components of the isotropic polariz-
ability, 	α

(0)
λ L(R) (expressed in atomic units); H2–He case. Curves are iden-

tified by 0λ L values. Lines represent analytical functional dependence on
intermolecular distance R obtained by fitting to ab initio data. Original QC
results are indicated as discrete sets of points. The function represented an-
alytical DID values is additionally depicted. The diameter of collision σ is
marked and the pair correlation function illustrated. The 044 component is
artificially enhanced so that it could be more distinguishable.

http://zon8.physd.amu.edu.pl/tbancewi
http://zon8.physd.amu.edu.pl/tbancewi
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FIG. 2. The same as in Fig. 1, though for the H2–Ne polarizability.

exceptions at large frequency shifts. Assuming that there is al-
ways a leeway for further adjustment of the computing code,
it must be admitted that the methods have proven a reliable
tool to obtain relevant and accurate collisional spectra.

Besides, the CC method was used to consider a possible
influence of the potential anisotropy on the spectral intensi-
ties. As the considered pairs contain a small percentage of
high symmetry supermolecules, it is usually assumed that an
approach like the CC routines should yield only a small de-
viation from the former results. Indeed, the lines compared in
Fig. 11 deviate in barely noticeable way at a maximum rate
of around 2%–3% in H2–He to 6% in H2–Ar. Possibly, the
discrepancy increases with growing mass of the pairs, which
may suggest more careful treatment of the anisotropy while
dealing with heavier compounds.

Apart from the above, several other observations seem to
be worth mentioning here concerning both the overall total
profiles and their particular SA-related contributions as well
as the mechanisms inducing the particular elements of the line
shapes. As far as the intensities are considered, a careful ex-
amination of the CI isotropic spectra for the H2–Rg sequence
(Rg = He, Ne, Ar, Kr, Xe) reveals that a substantially higher
spectrum is obtained as the polarizability of the Rg atom in-
creases when moving from He to Xe. The change is signifi-
cant: an order of magnitude from H2–He to H2–Xe. However,

FIG. 3. The same as in Fig. 1, though for the H2–Ar polarizability.

FIG. 4. The same as in Fig. 1, though for the of H2–Kr polarizability.

not all of the SA-related components (denoted from now on
as: 000, 022, and 044) participate in the same way in building
up the spectral magnitudes. For instance, the 044 contribution
is virtually meaningless in this respect in the most frequency
ranges except for the experimentally inaccessible side parts
in the far wings. This notion, on the one hand, may justify re-
ducing the relevant series expansions in Eq. (3) to the terms
not exceeding the level of λ = 4. On the other hand, judging at
the face value from the figures presented, even the 044 intensi-
ties may be safely skipped in further analysis. As for the two
remaining components, 000 and 022, their influence should
be mostly scrutinized within the spectral regions usually re-
garded as experimentally attainable frequency intervals–up to
several hundreds of cm−1 around the central (ν = 0 cm−1)
peak.4–7, 10, 12 In this respect, a distinction can be drawn be-
tween two subsets of the scattering compounds. For the least
massive/polarizable systems, with Rg = He and Ne atoms
(Figs. 6 and 7), the purely translational contribution 000 al-
most exclusively forms the central part of the total profile,
with only a small influence of the first 022 rotational tran-
sition line barely marked at about ν = 360 cm−1. It is only
within the frequencies exceeding about 600 cm−1, where the
022 ingredient takes precedence over its 000 counterpart and
tends to dominate for the higher frequencies. However, the
picture changes significantly, when more polarizable systems

FIG. 5. The same as in Fig. 1, though for the of H2–Xe polarizability.
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FIG. 6. Roto-translational ICIS spectral profile related to H2–He polarizabil-
ity (at temperature T = 295 K). Solid line depicts total intensity distribution
(tot) obtained by quantum-mechanical computations; discrete points show
close-coupling results, isotropic potential approximation (ICC). Additional
shape marked with 00 represents the contribution related to λL = 00 symme-
try adapted component, while 22 and 44 are λ = 2 and 4 spectral SA shares,
respectively.

(Rg = Ar, Kr, and Xe) are taken into account. For them, both
the 000 and 022 parts give rise to the total spectra at almost
equivalent rates for the frequencies below the 500 cm−1 limit.
Again, above this point the latter part very quickly starts to
overcast the 000 intensities.

A glimpse at Figs. 1–5, along with knowledge of sev-
eral earlier analyzes (e.g., in Refs. 6, 7, 10, and 12), may
provide insight into the behavior of the ICIS spectra. First, it
must be noted that the collisional mechanisms responsible for
the 000 share are of typically quantum nature, i.e., the over-
lap and/or exchange short-range interactions partially supple-
mented by the dispersion forces. On the other hand, the lowest
order, dipole-induced-dipole (DID) multipolar mechanism af-
fects the polarizability at more remote distances and, by sym-
metry requirements, is active only in the 022 case.31, 33 As it
can be seen form Figs. 1 and 2, the quantum-like interactions
produce an overwhelming portion of the trace polarizability,
mostly enhancing its 000 share, within a relatively extended,
yet rather short-distance, interval of intermolecular distances.
Even more so, these effects additionally mark their influ-
ence by reducing the absolute values of the 022 component.
Another evidence of this “destructive” role is provided in
Fig. 6, where a profile evaluated by including only the bare

FIG. 7. The same as in Fig. 6 for the spectrum of the H2–Ne mixture, except
that the points represent the semi-classical 00 intensities (ISC).

FIG. 8. The same as in Fig. 6, yet for the spectrum of the H2–Ar mixture.

FIG. 9. The same as in Fig. 7, yet for the spectrum of the H2–Kr mixture.

FIG. 10. The same as in Fig. 7, yet for the spectrum of the H2–Xe mixture.

FIG. 11. Comparison between the ICIS spectral profiles: isotropic poten-
tial case (solid lines and squares, respectively) and the CC results with the
anisotropic potential applied (crosses).
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DID contribution to the 022 lines exhibits a shape substan-
tially divergent from that obtained on the basis of the full
ab initio approach (tot).

The above conclusions concerning the lightest, the most
“quantum-like” supermolecules, especially H2–He mixtures,
support the observations made in earlier CIS study of light
scattering separately in the hydrogen and helium species.6

The H2–Rg compounds seem to share the spectral features of
the constituent moieties. On the one hand, the profiles show
a strong dependence on the short distance quantum interac-
tions in the most central and relatively broad part, although
the influence of more distant correlations should not be ne-
glected as they tend to dominate in the adjacent frequency
region. Nevertheless, for the spectral sections that might be
of the most experimental importance, the domineering role of
the 000 component is evident and the influence of the 022
intensities is to some extent negligible; an interesting feature
that could be possibly used in attempts of extracting data char-
acterizing a “pure” quantum mechanisms inducing the colli-
sional trace polarizability.

Another interpretation is supposedly applicable for the
more polarizable H2–Rg compounds as the spectral proper-
ties reveal a kind of evolutionary modification with grow-
ing supermolecular masses towards a state of more balanced
share in the total intensities attributed to each of the 000 and
022 components. Analogously, this tendency corresponds to
the features of the symmetry adapted polarizability compo-
nents illustrated in Figs. 3–5. Now, the magnitudes of the
022 intensities became more pronounced in comparison with
the 000 values, beginning from relatively short intermolecu-
lar distances. Moreover, the long range DID model fits more
closely to the ab initio originated lines, although even for the
heaviest, H2–Xe, system the multipolar approach is not able
to reproduce precisely enough the ab initio shapes. In Fig. 10,
the DID related profile plotted in the log scale qualitatively
follows much better the ab initio shape pattern than its coun-
terpart in H2–He (Fig. 6), yet in fact, the calculated discrep-
ancies may reach the level of between 10% and 25% within
the frequencies crucial for formation of the rotational spectral
structures.

The above remarks should shed light onto several ques-
tions raised on the basis of the present results. Neverthe-
less, only when supplemented with solid reliable experimen-
tal data, they could give real insight into ICIS. Therefore, ma-
jor challenges ensue this investigation. These are primarily
the measurement of CI induced spectra for H2–Rg by experi-
mentalists, the calculation of similar spectra for other systems
by theoretical spectroscopists and last the calculation of accu-
rate interaction-induced electric properties by computational
quantum chemists methods. Work is now in progress on other
similar systems.
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