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(Received 19 November 2013; published 24 January 2014)

It has been shown by numerical simulation that the nonlinear interaction between a laser soliton and an injected
monochromatic cw results in their phase locking. As a consequence, the velocity of the soliton begins to depend on
the amplitude and frequency of the injected radiation. It has been found that if the frequency of the external signal
coincides with the frequency of the dispersive waves emitted by solitons in a laser cavity with lumped intracavity
elements, a mechanism for controlling long-range soliton interaction occurs. This mechanism is related to the
interference between the injected wave and the dispersive waves involved in the strong long-range interaction
between solitons. We have demonstrated the mechanism of soliton-soliton repulsion and, as its consequence,
the occurrence of harmonic passive mode locking (multipulse generation with an equidistant arrangement of
identical solitons in the laser cavity).
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I. INTRODUCTION

Stable self-localized waves called solitons are one of the
most fascinating nonlinear phenomena. They arise in many
fields of physics, including nonlinear optics, hydrodynamics,
plasma physics, superfluidity, and so on [1–3]. Among the
various nonlinear systems in which such waves occur, passive
mode-locked fiber lasers occupy a special place in studies of
soliton properties. The nonlinear dispersion parameters of fiber
lasers can be varied over a very wide range, which provides a
distinct manifestation of these properties. Multisoliton passive
mode locking is a common mode of operation of fiber lasers
using the nonlinear polarization rotation technique or saturable
absorbers [4–10]. The interaction between solitons plays a
crucial role in the stable multipulse generation mode. In the
case of soliton attraction, the states of bound solitons or soliton
crystals can occur [11–19]. Repulsive interaction between
solitons is responsible for harmonic passive mode locking
[20,21]. In many fiber lasers with harmonic passive mode
locking, a narrow-band spectral component of the radiation
has been observed [22–27]. It would appear reasonable that
this component may play an important role in the mechanism
resulting in harmonic mode locking. Indeed, it has been shown
experimentally [28] that continuous external optical injection
into a passively mode-locked Er:Yb-doped fiber laser leads
to harmonic mode locking. The effect of this injection on the
motion of solitons relative to each other in the fiber laser has
been analyzed in [29]. It has been found that the soliton motion
is affected by the injected cw in such a manner that a soliton gas
or liquid or crystal can be obtained depending on the intensity
and frequency of the injected radiation.

In this paper we investigate the nature of the mechanism
of soliton-soliton repulsion resulting in harmonic passive
mode locking of a fiber laser with continuous external optical
injection. In Sec. II we analyze the interaction of an injected
cw with an individual soliton using the model of a distributed
intracavity nonlinear medium. Section III deals with the soliton
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interaction and the mechanism of harmonic passive mode
locking in a fiber laser with lumped nonlinear losses due to
the nonlinear polarization rotation technique. In this case, the
long-range interaction between solitons involves the dispersive
waves emitted by solitons because of their periodic interaction
with intracavity lumped elements. Section IV is devoted to the
discussion of the results obtained.

II. MODEL OF AN UNIFORMLY DISTRIBUTED
INTRACAVITY MEDIUM

In the first stage of our analysis, we use the normalized
complex dispersion equation with a cubic-quintic nonlinearity
which describes the field evolution in a unidirectional ring laser
with a uniformly distributed intracavity medium [30–32]:

∂E

∂ζ
= (Dr + iDi)

∂2E

∂τ 2
+ [g + (p + iq)I − (p2 + iq2)I 2]E

+P exp(iδωτ − iδκζ ), (1)

where E is the electric field amplitude, τ is the time coordinate
in units δt = √|β2|L/2 (here β2 is the second-order group-
velocity dispersion for the intracavity medium and L is the
cavity length), ζ is the normalized propagation distance (the
number of passes of the radiation through the laser cavity), Dr

is the frequency dispersion of the gain and the linear losses, Di

is the frequency dispersion of the refractive index, p and p2

are the cubic and quintic nonlinearities of the losses (p > 0,
p2 > 0), q and q2 are the cubic and quintic nonlinearities
of the refractive index, and I = |E|2 is the field intensity in
units (γL)−1, where γ (W−1 m−1) is the dimensional nonlinear
refractive coefficient related to the nonlinear refractive index
coefficient [5]. The term g is the total amplification including
the linear losses σ0:

g = a

1 + b
∫

I dτ
− σ0, (2)

where the integration is carried out over the whole round-trip
period, a is the pumping parameter, and b is the saturation
parameter. The last term in Eq. (1) describes the electric-dipole
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polarization of the intracavity medium that produces the
monochromatic radiation inside the laser cavity. In this way,
we model the injected radiation inside the laser cavity. The
parameters δω and δκ are determined by the frequency and
wave vector of the external injected monochromatic radiation.
Here δω is the detuning of the carrier frequency of the external
radiation from the center of the spectral gain band. The
parameters δω and δκ are chosen so that the injected radiation
coincides with the radiation of one of the longitudinal modes
of the laser resonator. This implies that δκ and δω satisfy the
dispersion relation

δκ = Di(δω)2 (3)

which is obtained from Eq. (1). In addition, for this purpose in
our numerical simulation, we choose the frequency detuning
in the form δω = 2πK/l, where the frequency parameter K

is an integer and l is the length of the temporal computation
box. Varying the parameter P , we can change the intensity Icw

of the intracavity injected cw. Equation (1) takes into account
the gain saturation through the dependence of the parameter
g on the energy of the intracavity radiation [see Eq. (2)]. This
differs from the equation used in [31,33], where the parameter
g is a constant.

Using Eqs. (1) and (2) we performed our numerical
simulation of laser passive mode locking. The parameters of
these equations are chosen to be similar to the parameters of
a passively mode-locked Er-doped laser: a = 0.3, b = 0.01,
Dr = 0.2, Di = 1, σ0 = 0.5, p = 1, p2 = 0.1, q = 1, and
q2 = 0. An anomalous frequency dispersion regime Di >

0 is investigated. Without optical injection, the phase of
the steady-state soliton established after a transient process
increases linearly with increasing propagation distance ζ .
Similarly, without any soliton, the phase of the injected cw
also increases linearly with increasing ζ . When these rates
of the phase increase coincide or are close to each other,
resonant interaction between the soliton and the cw occurs.
This interaction results in phase locking of the soliton and the
cw. In this case, the phases of the field at all points of laser
cavity have the same linear dependence on the propagation
distance ζ . Figure 1 shows the boundary values of the detuning
parameter K for which phase locking occurs for various levels
of the cw intensity Icw inside the laser resonator. The obtained

FIG. 1. Phase-locking region of a single soliton and an injected
cw in the plane Icw (intracavity intensity of the cw), K (frequency
detuning parameter of the cw from the center of the spectral gain
band) for the distributed model described by Eq. (1).

FIG. 2. Dependence of the frequency interval δK of the phase
locking of a single soliton and an injected cw on the intracavity cw
amplitude |Ecw|.

boundary curve corresponds to the minimal values of P for
which phase locking still exists. As one can see from Fig. 2,
the width of the phaselocking interval δK depends linearly on
the amplitude of the intracavity cw |Ecw| for its small values.

In the case of phase locking of a steady-state soliton and
an injected cw, the phase difference for any two points of the
united field structure is constant. The united structure moves
as a whole. As a result, the velocity of the soliton depends
on the parameters of the injected cw. Figure 3 demonstrates
the change in the soliton velocity δv = dτ/dζ with a change
in the detuning parameter K due to the asymmetry of the
soliton pedestal that arises [34]. A large change in the soliton
velocity is observed in the phase-locking region (values of K

between points 1 and 2 in Fig. 3). Here the soliton motion
is translational. Outside the phase-locking region, the phase
difference oscillates. As a consequence, the structure of the
soliton wings changes periodically. As a result, the soliton
motion becomes oscillatory translational and the change in the
averaged soliton velocity becomes small.

The laser model with a uniformly distributed intracavity
medium is sufficiently simple and adequately describes many
features of passive mode locking. However, this model is
suitable only for short-range interaction between solitons with
an interaction range equal to several soliton lengths. It is not
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FIG. 3. Change in the soliton velocity δv vs the frequency
detuning K of the cw from the center of the spectral gain band.
The spectral interval between points 1 and 2 corresponds to the phase
locking of the single soliton and the injected cw.
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suited for investigation of the long-range interaction due to the
dispersive waves caused by lumped intracavity elements [35].

III. LASER WITH THE NONLINEAR POLARIZATION
ROTATION TECHNIQUE

The soliton circulating in the laser cavity periodically
experiences perturbations caused by lumped nonlinear losses
and various intracavity components. After each perturbation,
the soliton emits a dispersive wave. Constructive interference
between these waves forms powerful spectral sidebands and
powerful extended soliton wings [36]. These wings result
in long-range interaction, providing the formation of bound
steady states of interacting solitons with a large binding energy
[35]. In fiber lasers with the nonlinear polarization rotation
technique, the nonlinear losses are essentially lumped.

For our analysis of the role of continuous external optical
injection in the interaction between solitons in a fiber laser
with the nonlinear polarization rotation technique, we use the
following equations [5,37]:

∂Ex

∂ζ
= (Dr + iDi)

∂2Ex

∂τ 2
+ gEx + iq

(|Ex |2Ex

+A|Ey |2Ex + BE2
yE

∗
x

) + P exp(iδωτ − iδκζ ),

(4)

∂Ey

∂ζ
= (Dr + iDi)

∂2Ey

∂τ 2
+ gEy

+ iq
(|Ey |2Ey + A|Ex |2Ey + BE2

xE
∗
y

)
, (5)

where Ex and Ey are two orthogonal components of the electric
field, A = 2/3 and B = 1/3, here I = |Ex |2 + |Ey |2, and the
gain g is determined by Eq. (2). Equations (4) and (5) describe
the field evolution in the fiber of a unidirectional ring fiber laser.
The laser resonator contains a polarization control system
including the following sequentially arranged components: a
half-wave phase plate with orientation angle α3 with respect
to the x axis, a quarter-wave plate (orientation angle α3), a
polarizing isolator (the passing axis is parallel to the x axis),
and a second quarter-wave plate (orientation angle α1) [5].
The polarization control system produces nonlinear losses that
form ultrashort pulses in the laser resonator. As in the case of
Eq. (1), the last term in Eq. (4) describes the electric-dipole
polarization of the intracavity medium which induces the
injected monochromatic cw inside the laser cavity. For our
numerical simulation, the parameters of these equations are
chosen to be close to parameters of the passively mode-locked
Er:Yb-doped laser investigated in [28]. We use the following
parameters for the system analyzed: a ≈ 0.5, b = 0.02, σ0 =
0, Dr = 0.1, Di = 0.7, q = 1, α1 = 0.2, α2 = 0.4, α3 = −0.2,
and l ≈ 164.

Figure 4(a) shows the soliton pedestal with powerful wings
dueto dispersive waves which occurs after a transient process.
Here an injected cw is absent (P = 0). At the distant wings, the
intensity I (τ ) approaches zero. The radiation distribution I (τ )
is repeated with a round-trip period δζ = 1. The oscillations of
the intracavity field with this period are due to the interaction
of the soliton with the lumped intracavity elements. In the
case of a uniformly distributed intracavity medium, such
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FIG. 4. (a) Distributions of the soliton intensity I (τ ) and the phase
ϕ(τ ) in the vicinity of the soliton pedestal without external optical
injection (P = 0). (b) Spectral distribution of the soliton.

oscillations are absent. For the laser parameters used here,
the phase of the field at any point of the space increases by the
same positive value each round-trip period. As a result, at the
distant wings of the pulse, points with a certain fixed phase
move to the center of the pulse. The directions of this motion
are given by arrows in Fig. 4(a). The phase difference for any
two points of the pulse is constant from one round trip to the
next. The powerful soliton wings result in the powerful spectral
sidebands shown in Fig. 4(b). The peaks of these sidebands are
formed by dispersive waves for which they are phase locked
to the soliton. The fulfillment of the phase-locking condition
results from the stationarity of the phase difference for any two
points of the field distribution, one of which is in the central
part of the soliton and the other at its wing.

Figure 5 shows the steady-state distributions of the intensity
I (τ ) and the spectrum in the case of an injected cw in the laser
cavity. At the distant wings of the soliton, the intensity I (τ )
approaches the intensity Icw of the injected cw. The radiation
distribution I (τ ) is repeated with a round-trip period δζ = 1.
The phase difference for any two points of the field distribution
is also constant, implying phase locking of the soliton and the
intracavity injected cw. In this case, the frequency parameter
K of the injected cw corresponds to the peak of the right
frequency sideband [see Fig. 5(b)]. This implies that the
frequency parameter of the right soliton wing Krw, due to
dispersive waves, coincides with the corresponding parameter
of the injected cw Krw = K . Accordingly, for the frequency
parameter of the left soliton wing Klw, we have Klw = −Krw =
−K . An analysis of the phase distributions [Figs. 4(a) and 5(a)]
and the intensity distribution presented in Fig. 5(a) shows the
following. The phase of the center of the soliton coincides
with the phase of the injected cw at the point of location of
the center of the soliton. The injected cw and the wave due to
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FIG. 5. (a) Distributions of the intensity I (τ ) and phase ϕ(τ ) of
the field in the vicinity of the soliton pedestal in the case of an injected
cw (P �= 0). (b) Spectral distribution of the resulting radiation.

the right soliton wing have the same frequency parameter K

and the same phase velocity, move in the same direction, and
lead to destructive interference which decreases the resulting
wave field at the right wing of the soliton [see Fig. 5(a)]. The
injected cw and the wave due to the left soliton wing have
frequency parameters and phase velocities that are equal in
value but opposite in sign, move in opposite directions, and
form a standing wave. At the maxima of the standing wave
[see Fig. 5(a)], these waves have the same phase and here
constructive interference of the waves occurs. At the minima
of the standing wave, the waves have a phase difference equal
to π and here destructive interference occurs.

Figure 6 shows the dependence of the soliton velocity on the
intensity Icw of the injected cw. Phase locking of the soliton and
the injected cw occurs in the intensity interval between points
1 and 3. Below point 1, phase locking is absent. Above point 3,
the injected cw destroys the single soliton operation. Between

0

δυ
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1

0.14
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0.12
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-0.44 -0.22 0.22
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FIG. 6. Soliton velocity δv vs the intensity Icw of the injected cw.
K = 40.

40 100 160
τ

0

I 0.1

0.2

FIG. 7. Distribution of the intensity I (τ ) in a train of solitons.
The arrow shows the direction of motion of the solitons due to the
injected cw. K = 40.

points 1 and 2 and between points 2 and 3, the dependence of
δv on Icw is monotonic.

Figure 7 demonstrates the repulsion mechanism of laser
solitons. After each pulse, the injected cw attenuates because
of its destructive interference with the right-wing dispersive
waves. As a consequence, the resultant cw decreases mono-
tonically from left to right along the pulse train (see Fig. 7).
The changing intensity of the resultant cw is between points
1 and 2 in Fig. 6, where the velocity of motion of pulses
in the left direction decreases monotonically with decreasing
intensity Icw. As a result, the velocity of the solitons motion
in the left direction decreases monotonically along the soliton
train from left to right. This distribution of soliton velocities
in the train results in an increase of intersoliton spacing,
that is, to repulsion of the solitons. Figure 8 shows the
repulsion of initially closely spaced bound solitons and the
realization of the harmonic passive mode locking (multipulse
operation with equidistant pulses) occurring as a result of this
repulsion after a transient process. In the steady-state lasing
regime, all pulses have the same phases at the points of their
peak amplitudes. For the laser parameters used, the duration of
the transient process is approximately equal to 8000 round-trip
periods. In the steady-state regime of harmonic passive mode
locking, the ratio of the intersoliton interval to the soliton
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FIG. 8. Dependence of the intensity distribution I (τ ) on the
number of round trips ζ in a passive mode-locked laser with an
injected cw. K = 40.
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width is approximately equal to 70. In the case of three-pulse
operation, it is equal to 100.

We have also observed an attraction of solitons. In the case
of the frequency parameter outward from K = 40, we have
observed a soliton attraction for great intersoliton distances
and their repulsion for short ones. As a consequence, the usual
regime of bound solitons has been realized.

IV. DISCUSSION

We started from the complex dispersion master equation
with cubic-quintic nonlinearity which describes the field
evolution in a laser with a uniformly distributed intracavity
medium. An external injected cw effectively influences the
motion of the soliton in the case of their resonant interaction
which induces their phase locking. Previously similar phase
locking was considered in [38] within the framework of the
nonlinear Schrödinger equation describing an electromagnetic
interaction in a two-fiber coupler with soliton in one fiber
and cw in another. We have found that in a fiber laser the
frequency detuning range for the injected cw in which phase
locking occurs is proportional to its amplitude. The resulting
change in the soliton velocity depends on the intensity of the
injected cw and its frequency detuning. The model with a
uniformly distributed intracavity medium describes only the
short-range interaction between solitons. In the next step, we
have investigated a model with lumped nonlinear losses due
to the nonlinear polarization rotation technique.

Because of the periodic interaction of the soliton with
lumped intracavity elements, it emits dispersive waves. The
dispersive waves resonantly interact with the soliton to form
its powerful extended wings. These wings are responsible
for the long-range interaction between solitons. The large
extended wings of the soliton form large narrow sidebands
in its spectrum. This results in the following features in the
interaction of the injected cw with an individual soliton and
the interaction between solitons. First, the resonant interaction
of the injected cw with the soliton occurs only if the frequency
detuning of the cw falls within the spectral sideband of the
soliton. Second, the resonant interaction of the injected cw and
the dispersive soliton wing produces a resultant wave which
modifies the motion of other solitons. Thus, we can control the
long-range interaction between solitons through the injected
cw. In our numerical experiment, we have demonstrated
the transition from the lasing regime of bound solitons to
harmonic passive mode locking due to an injected cw. This
transition has also been observed in experimental studies

of a passively mode-locked Er:Yb-doped fiber laser with
continuous external optical injection. It occurs by repulsive
interaction between solitons. In our numerical simulation, we
have demonstrated the mechanism of this interaction. The
injected cw and the dispersive wing of the first soliton form
a destructive interference, resulting in a monotonic change
in the intensity of the resultant cw along the fiber cavity.
This resultant cw changes the velocity of the second soliton,
leading to repulsion between these solitons. In our numerical
experiment, the distance of the repulsive interaction was about
100 lengths of an individual soliton, which is consistent with
the experimental data of [28]. As in that study, the frequency
detuning range where harmonic passive mode locking takes
place is narrow (about 1% of the spectral gain bandwidth). In
addition, the model predicts a threshold value for the injected
power above which harmonic passive mode locking occurs.
This is also consistent with experimental results reported in
[28].

The next step in the theoretical description of the features
of soliton interaction will be a study of the case with a
nonmonotonically changing resultant cw. In this case, it is
possible to expect the generation of soliton trains of fixed
length and also the generation of a train with a fixed intersoliton
spacing in the train. In addition, the constructive interference
of the injected cw and the soliton dispersive wing may enhance
the resultant cw, which may also lead to new interesting lasing
features and requires a further study.

In this paper we have investigated the interaction between
laser solitons through the dispersive waves connected with
a periodic modulation of nonlinear losses. In [39] it was
shown that the modulation of a dispersion of a fiber refractive
index also results in a long-range soliton interaction. Such
mechanism of an interaction can be realized in the laser with
several fibers with different dispersions. The peculiarities of
the interaction between solitons in this case demand a special
study. The peculiarities connected with a finiteness of a spectral
width of injected radiation, with a variation of its polarization
characteristics, and with an injection of a biharmonic signal
also demand a special investigation.
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