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We review our recent experimental and theoretical results addressing the dynamics of large numbers of
solitons interacting in presence of a background in passively mode-locked erbium-doped fiber lasers. We
first characterize experimentally the soliton rain complex dynamics, and then we focus on ordered
soliton patterns. We report that, for suitable experimental parameters, a continuous wave can impose
harmonic mode locking. Two levels of modeling for a mode-locked laser subjected to the external
injection of a continuous wave are developed to support the latter observation. The first one is based
on a scalar master equation, while the second one takes into account the mode-locking mechanism more
accurately through a vectorial approach.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Although the area of passively mode-locked fiber lasers has wit-
nessed more than 20 years of development, fiber laser dynamics
remains under intensive investigations, since there remain many
challenges at both fundamental and applied levels. Numerous
applications require the increase of the pulse energy. For that pur-
pose, it is necessary to limit the dynamics to single pulse operation.
Significant increase of the pulse energy has been realized by using
parabolic pulses [1,2] and, more recently, all-normal-dispersion
cavities [3,4]. Another area of intense investigation is the realiza-
tion of frequency combs [5,6], for which stable, multi-wavelength
operation is needed in view of applications such as dense wave-
length-division multiplexing [7] or optical metrology [8]. High-
repetition-rate fiber lasers naturally deliver such frequency comb
distributions [9]. However, the challenge is to obtain a flat spectral
distribution with a tailored wavelength separation and enhanced
comb stability [10]. In the temporal domain, these performances
correspond to accurately controlling the pulse distribution along
the cavity and, consequently, the interactions between ultra-short
pulses. At the fundamental level, passively mode-locked fiber
lasers constitute a one-dimensional-propagation nonlinear system
in which dissipative solitons naturally manifest [11]. Fiber lasers
constitute an ideal platform to investigate the interaction between
ultra-short pulses, especially in the anomalous dispersion regime,
where numerous solitons can be simultaneously excited at high
pumping power [12–14]. Various soliton patterns, analogous to
the states of matter, have been observed, regardless of the given
mode-locking mechanism, highlighting universal interaction prop-
erties [15–20]. The soliton distribution in a cavity roundtrip is a
direct consequence of these interactions, which can be either
repulsive or attractive, depending on time scales and cavity param-
eters involved. Dominantly attractive interactions are responsible
for the formation of bound states, which are composed of identical
solitons [21], and whose size culminates in large soliton crystals
[22]. Harmonic mode locking (HML) is the consequence of a dom-
inantly repulsive interaction, which was until recently attributed
to the gain relaxation dynamics [23]. However, in many HML fiber
laser experiments, a continuous wave (cw) component has been
noticed in the optical spectrum, suggesting that this component
could play an important role in the HML mechanism [24–27]. In
addition, it was theoretically shown that a small cw component
allowed controlling the nature and the strength of the soliton
interaction [28]. This prediction together with the observation of
the cw component in the HML led several teams to investigate
the influence of an external cw on the soliton distribution in pas-
sively mode-locked fiber lasers. The basic idea is to determine if
it is possible to control the soliton interaction through continuous
external injection. Let us note that continuous optical injection has
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been used to efficiently stabilize a passively mode-locked quantum
dot semiconductor laser [29,30]. Indeed, these lasers usually suffer
from waveform instability at high pump power. It was demon-
strated that the external cw component had a stabilizing effect
together with spectral narrowing.

The paper is organized as follows. To give the flavor of complex-
ity that is associated with multi-soliton dynamics, we develop in
Section 2 the study of the soliton rain dynamics. In the latter, sol-
iton pulses are continuously generated from an extended noisy
background and drift until they reach a condensed phase compris-
ing several aggregated solitons. This quasi-stationary dynamics,
which was observed in several cavity configurations [32–34], can
be triggered with an external cw signal [32]. By using high-band-
width detection electronics, we here highlight the interaction
between the drifting solitons and the condensed soliton phase.
Section 3 relates the experimental testing of cw injection to
achieve high-harmonic mode locking, in a high-power double-clad
Er-doped fiber laser. Starting from an irregular initial soliton distri-
bution, we show that, under specific injection conditions, the
external laser can force the mode-locked laser to operate in the
HML regime [35]. Theoretical and numerical modeling approaches
are considered in Section 4. The first approach is based on a univer-
sal master equation [36] in which a driven cw term is added. It
shows that, starting from different soliton patterns, the external
injected term induces a motion of the solitons then leading to var-
ious distributions [37]. The second modeling approach is based on
a vectorial model, and considers the interaction of few solitons
submitted to an external continuous field. It is demonstrated that
under specific resonance conditions, repulsive or attractive inter-
actions occur between solitons leading to harmonic mode locking
or soliton crystal patterns, respectively [38].
2. Soliton rain

A common understanding is that mode locking appears as an
abrupt transition between a noisy continuous wave regime and a
‘‘clean’’ short-pulse laser operation. However, complex short pulse
dynamics, from stationary to pulsating and chaotic ones, have been
found in the vicinity of conventional mode-locked regimes [39–
42]. The concept of dissipative solitons provides a clearer under-
standing of the wide range of short pulse dynamics that can be
accessed when the parameters of the laser system are varied
[11]. In addition, mode locking has been identified to behave as a
first-order phase transition, using statistical light mode dynamics
[43]. These theoretical backgrounds help to understand the exis-
tence of partial mode locking, where mode-locked pulses coexist
with a significant noisy or quasi-cw background. Soliton rain
dynamics represents a stunning illustration of this situation, where
soliton pulses and a noisy set of cw components, share the total
cavity energy and interact in a dramatic quasi-stationary fashion
[44].

This regime was found in a fiber ring laser cavity operated in the
vicinity of conventional mode locking [32]. The laser cavity,
sketched in Fig. 1(a), is built around a 2-m long erbium-doped fiber
amplifier pumped by two 980-nm laser diodes with a maximal
injected power of 800 mW. Mode locking is achieved by using non-
linear polarization evolution along the fibers, followed by intensity
discrimination by a polarizer. Tuning the fibered intracavity polar-
ization controllers shapes the nonlinear transfer function. With
such flexibility, numerous dynamical regimes become accessible
besides standard mode locking, by simply altering the orientation
of the polarization controllers, among which the soliton rain
dynamics described below.

Propagation in the anomalous dispersion regime combined
with an intense pumping power ensures multiple-pulse operation
with, typically, 10–100 soliton pulses, which tend to aggregate
into a sub-nanosecond pulse bunch. At the same time, a signifi-
cant fraction of the energy of the cavity remains in the
quasi-cw background. This combination of mode locking and
background components can be seen in the optical spectrum
(Fig. 1(b)), with the presence of a quasi-cw spike in addition to
the resonant radiation waves symmetrically located with respect
to the center of the spectrum [45]. Such mixing of field compo-
nents is also apparent in the temporal domain (see Fig. 1(c)),
which reveals an inhomogeneous background. Importantly, the
fraction of the weakly coherent background could be gradually
varied by tuning the cavity parameters, similar to the alteration
of the proportions of mixed phases in the course of a first-order
phase transition.

Soliton rain is a complex self-organized dynamics, which takes
place among large numbers of solitons and a substantial back-
ground. It is characterized by the interactions between three main
field components. The first component is a bunch of several tens of
bound and jittering solitons dubbed as the condensed soliton
phase, since it appears analogous to a liquid thermodynamical
phase [15,32]. This component appears as the main peak on oscil-
loscope traces, whenever the individual soliton constituents are
not temporally resolved. Like a liquid would evaporate, the con-
densed phase emits a large amount of radiation on one temporal
side. That radiation indeed moves to shorter times due to the con-
junction of anomalous dispersion and spectral asymmetry of the
radiated waves [44]. This temporal asymmetry can be seen on
magnified oscilloscope traces, and is also consistent with the anal-
ysis developed in Section 4.2. This radiation also superimposes
with other preexisting cw modes, altogether producing a noisy,
inhomogeneous background with large fluctuations. When fluctu-
ations exceed a certain level, a new soliton is formed, such as a
droplet formed from a vapor cloud, which then drifts back to the
condensed phase at a nearly constant relative velocity, as can be
seen in the stroboscopic plots shown on Fig. 1(c and d). Note that
the relative drifting of pulses is a continuous slow motion per-
formed one cavity roundtrip after another, whereas stroboscopic
plots display a discontinuous sequence of recordings where two
consecutive traces are separated by a 40 ms lapse of time, which
corresponds to around 6 � 105 cavity rountrips. This slow drifting
motion of isolated pulses towards the condensed phase operates
at a relative velocity of the order of 10 meters per second, and is
thus observable in real time on the oscilloscope. The whole sce-
nario repeats in a quasi-stationary fashion, in the reference frame
of the condensed phase that circulates round the cavity.

Since there is a noise threshold above fluctuations can be ampli-
fied to form the drifting solitons, it is possible to set the cavity
operation – by lowering the pumping power, typically – below that
threshold, and trigger the soliton rain by the injection of an exter-
nal laser. Such triggering was experimentally demonstrated in Ref.
[32].

Despite operation in the anomalous dispersion regime provides
the easiest access to multiple pulse formation required in the sol-
iton rain dynamics, similar dynamics were observed with fiber ring
lasers operated in the normal dispersion regime [33,46]. In addi-
tion, soliton rain has been reported in a figure-of-eight fiber laser
[34]. These observations tend to indicate that soliton rain, despite
its complexity, represents a universal class of laser cavity
dynamics.

Because there is a conjunction of internal motion and long-term
quasi-stationarity in soliton rain dynamics, it is interesting to
investigate the exchange of energy between field components,
keeping aware that the whole system is not conservative, but dis-
sipative with a constant supply from the pumping source. The
noisy cw background energy seeds newly formed solitons, and
then these drifting solitons transfer energy to the condensed



Fig. 1. Fiber laser experimental setup and the observation of soliton rain dynamics. (a) Experimental setup. EDF, erbium-doped fiber; WDM, wavelength-division
multiplexer; ISO, optical isolator; PC, polarization controller; PBS, pigtailed polarizing beam splitter; OC, fiber output coupler. (b) Optical spectrum. (c and d) Stroboscopic
sequences of optical intensity output recorded with (c) 2.5-GHz and (d) 45-GHz electronic bandwidth. Two successive trace numbers are separated by a 40 ms lapse of time.
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soliton phase. In order for the latter not to grow indefinitely, the
radiation of the condensed soliton phase should be an important
part of the whole soliton rain dynamics. In this article, we provide
a better insight of soliton rain dynamics by analyzing collision and
radiation processes using real-time recordings with a temporal
resolution of 25 ps.

A temporal close-up view of the soliton rain dynamics is
provided within Fig. 2, which consists of successive recordings of
oscilloscope traces. The time between two successive oscilloscope
traces is around 45 ms. Each trace monitors the real-time optical
intensity at the laser cavity output, through a 45-GHz real-time
sampling oscilloscope, whose electric signal is recorded via a 45-
GHz photodiode. We obtain a partial resolution of the condensed
phase, while capturing the incoming soliton pulses. Indeed, at a
given time, few soliton pulses inside the condensed phase are suf-
ficiently far from their neighbors to be temporally resolved. Here,
the temporal duration of the condensed phase is around 900 ps.
The number of solitons in the condensed phase can be calculated
on the 45-GHz real-time recording from the ratio between the
energy of the condensed phase and that of an isolated soliton. In
the present case, we start in Fig. 2(a) with 8 drifting solitons and
16 solitons in the condensed phase. The drift velocity of the iso-
lated solitons relative to the condensed phase is around 6 meters
per second. In Fig. 2(b), the collision between the two first drifting
solitons and the condensed phase has occurred, so that the number
of solitons amounts to 18 in the condensed phase. In Fig. 2(c), the
last six drifting solitons have merged with the condensed phase,
which tots up 24 solitons. This confirms that, at this stage, the 8
drifting solitons have transferred their energy to the condensed
soliton phase. Subsequently, the number of solitons is progres-
sively reduced to 20 (see Fig. 2(d)), then 18 (see Fig. 2(e)), which
implicates the dissipation of solitons through radiation, since no
soliton escape events are detected. In terms of dynamics and
energy flows, we get at this stage a rough picture of the interac-
tions between the drifting solitons and the condensed phase. We
can follow the energy transfer to the condensed phase followed
by its radiation. That clear picture of soliton rain dynamics is
consistent with the fact that the size of the condensed phase
remains constant on average. The arrival of new solitons causes,
through collective rearrangements inside the condensed phase,
the dissipation of a similar number of solitons. This dissipation in
turn produces additional radiation and dispersive waves that
contribute to the background, so that the cycle can be repeated.

Modeling soliton rain dynamics, which represents a daunting
task due to the extent of temporal scales and multiple interaction
processes involved, remains to be undertaken. We nevertheless
hope that these latest experimental observations, by clarifying
the collision–radiation process around the condensed soliton



0.00

0.03

0.06

0.09

0.00
0.03
0.06
0.09

0.00
0.03
0.06
0.09

0.00

0.03

0.06

0.09

0 1 2 3 4 5 6

0 1 2 3 4 5 6

0 1 2 3 4 5 6

0 1 2 3 4 5 6

0 1 2 3 4 5 6
0.00
0.02
0.04
0.06
0.08

Drifting solitons

Time (ns)

 In
te

ns
ity

 (a
. u

.)
 In

te
ns

ity
 (a

. u
.)

 In
te

ns
ity

 (a
. u

.)
 In

te
ns

ity
 (a

. u
.)

 In
te

ns
ity

 (a
. u

.)

(e)

(d)

(a)

(c)

(b)

(f)

Fig. 2. Temporal close-up view of the drifting solitons impinging on the condensed
soliton phase. (a)–(e) Oscilloscope traces displaying the optical intensity, recorded
with a 45-GHz electronic bandwidth. Between adjacent traces, the time interval is
40 ms. (f) Evolution of the number of solitons in the condensed soliton phase
highlighting successive absorption and radiation processes.
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phase, will stimulate such modeling, which could be envisaged
piece-wise, as a sequence of linked dynamical events.

3. Harmonic mode locking through external injection

In this section, we investigate experimentally the role of an
external cw component on the passive harmonic mode-locking
operation. A first study of this issue was performed in Ref. [47],
where it was established that the external cw did not disturb the
HML regime significantly. This was probably due to the low power
of the external injection source. Clear evidence on the influence of
a cw wave on soliton interaction has been reported in Ref. [35]. We
give hereafter the main features on this subject.
3.1. Experimental setup and procedure

The experimental setup is schematically represented in Fig. 3
[27,35]. It is an all-fiber unidirectional ring cavity using a double-
clad Er:Yb 10 W fiber amplifier operating at k = 1.55 lm specially
designed for our experiments and manufactured by Keopsys. The
double-clad fiber (DCF) is 5 m long and has a second order group
velocity dispersion bDCF

2 ¼ �0:021ps2=m. The inner clad has an
octagonal shape with a diameter of 130 lm and the fiber core
diameter is 12 lm. It is pumped at 980 nm with several laser
diodes injected with the v-groove technique. The maximum avail-
able pumping power is up to 40 W, which ensures a total output
power of amplified spontaneous emission up to 10 W. The two
fiber ends of the double-clad fiber are spliced to pieces of standard
single-mode fibers (SMF28). The fibers DCF and SMF28 operate in
the anomalous dispersion regime. A piece of dispersion-shifted
fiber (bDCF

2 ¼ 0:14ps2=m) is added to control the total cavity disper-
sion. To favor multiple-pulse mode locking, the total dispersion is
set in the anomalous regime with bDCF

2 L ¼ �0:16ps2, with a total
cavity length of L = 32.5 m corresponding to a round trip time of
162.4 ns and to a free spectral range of 6.16 MHz. Mode-locking
is obtained thanks to the nonlinear polarization evolution tech-
nique based on nonlinear losses resulting from a polarizing isolator
placed between two fibered polarization controllers [31]. As usual,
the adjustment of the polarization controllers allows obtaining a
large variety of soliton distributions [15]. When the main laser is
mode-locked, the spectrum spans from 1540 nm to 1585 nm. In
the following the pumping power of the principal laser is fixed to
10 W which corresponds to about 2 W of average circulating power
at 1.55 lm and to 200 mW of average output power.

A high-speed photodetector (TIA-1200) connected to a fast
oscilloscope (Tektronix TDS 6124C, 12 GHz, 40 GSa) allows
characterizing the temporal evolution of the signal. The spectral
properties are analyzed with an optical spectrum analyzer (Anritsu
MS 9710C) and the pulse duration is measured with an optical
autocorrelator with a scanning range of ±100 ps (Femtochrome
FR-103 XL). An electronic spectrum analyzer (Rohde & Schwarz
FSP Spectrum Analyzer 9 kHz–13.6 GHz) is used to characterize
the radio frequency spectrum of the laser.

The external continuous wave is provided by a homemade cw
tunable fiber laser [48] and is launched with a 50/50 coupler to
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the principal cavity with a signal power that can be varied up to
800 mW (400 mW injected in the principal laser cavity). The exter-
nal laser is tunable from 1530 nm to 1560 nm and its linewidth is
about 1 nm.

For injection experiments, we processed as follows. First, the
principal laser is switched on and the polarization controllers are
adjusted to obtain some soliton pattern. While this pattern is
stable, we switch on the external laser and then increase its wave-
length starting from 1530 nm. Its influence on the operating
regime of the principal laser is studied. Reversibility of the phe-
nomena is checked in different ways. Firstly, the wavelength of
the external laser is decreased to retrieve its initial value and sec-
ondly, we reduce the injected power and switch off the injection
laser. The initial soliton distribution is restored in cases reported
in Ref. [35].

3.2. Experimental results

With a suitable adjustment of the polarization controllers, we
obtain the soliton pattern represented in Fig. 4. It consists in a
set of well-separated soliton packets that do not have relative
motions in the reference frame. Each packet contains different
numbers of solitons and repeats from round-trip to round-trip.
Additional insight is obtained from the optical spectrum shown
in Fig. 5. The spectrum exhibits a modulation that is characteristic
of a constant phase relation between the solitons, thus suggesting
that the trains of solitons contain bound states [21], or soliton crys-
tals [22], depending on the number of solitons involved in a given
sequence. The spectral period is 0.2 nm, which corresponds to a
temporal separation of 41 ps. This value is confirmed by the auto-
correlation trace given in Fig. 6, which shows that solitons are
equidistant, and, because there is no pedestal, they are not in rel-
ative motion. In addition, the nearly triangular envelope indicates
a regular soliton distribution in bound states. This initial soliton
state is therefore a superposition of soliton crystals similar to those
reported in Ref. [15]. The total number of solitons N along the cav-
ity can be estimated by dividing the total extent of the condensate
phase DTcp by the average delay between two solitons Dssol. The
total extent of the condensate phases deduced from Fig. 4 is
DTcp ¼ 61ns. We assume that the average delay between neighbor-
ing solitons is Dssol � 41ps in agreement with the autocorrelation
trace. The total number of solitons is therefore
N ¼ DTcp=Dssol � 1500. Assuming a secant hyperbolic pulse shape,
the width of the central peak of Fig. 6 leads to pulse duration of
about 1 ps.
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Fig. 4. Initial soliton distribution.
We then switched on the external laser with a start wavelength
kext ¼ 1530nm and with an injected power of 110 mW into the
main laser cavity. The wavelength is then tuned towards longer
values. While kext enters the spectrum of the principal laser, the
spectral modulation decreases, revealing that the cw component
significantly modifies soliton interactions until it breaks the strong
coupling of the solitons in a bound state [49]. In the temporal
domain, the soliton packets become unstable: they move and col-
lide to form larger condensed phases without evident internal
order. While kext falls in the spectrum of the principal laser, pulses
get loose from the condensed phases and span over the whole cav-
ity. Solitons move like in a soliton gas and when kext moves toward
the center of the optical spectrum of the principal laser, the relative
motion of the solitons decreases. When kext ¼ 1552nm, solitons
stay at rest in the moving frame, nearly identical and equidistant
as shown in Fig. 7. The optical spectrum given in Fig. 8 shows that
there is no spectral modulation and, in addition to the cw compo-
nent due to the injected laser (kext), there is an additional cw com-
ponent generated by the principal laser (kown) and characteristic of
many passively HML fiber lasers [24–26]. The pulse duration,
deduced from autocorrelation measurements, remains about 1 ps.
HML is also pointed out through the radio-frequency spectrum of
the recorded optical intensity, given in Fig. 9. The repetition rate
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of the laser is precisely 5.82 GHz, which corresponds to the 945th
harmonics. The supermode suppression ratio is 12 dB. The timing
jitter and the amplitude fluctuations remain important and clearly
visible in the zoom of Fig. 7. From the data series, the amplitude
fluctuations are estimated to be about 18%. Statistical analysis of
the data series obtained with the delays between consecutive sol-
itons gives a variance of about 58 ps. The variance provides an
upper limit for the time jitter and is probably overestimated
because it corresponds approximately to the temporal resolution
of the oscilloscope.

The number of soliton is about 1000. Thus, while the reorgani-
zation of the solitons along the cavity takes place, the number of
pulses is reduced by around one third. The pulse duration remains
practically constant of the order of 1 ps and one can expect that the
energy per pulse remains constant as a consequence of the soliton
energy quantization. We have measured that the average output
power of the principal laser decreases by an amount of 10% (about
20 mW) under injected signal. This reduction of the output power
is related to the modification of the nonlinear losses by the exter-
nal resonant cw component. In itself this reduction does not
explain the significant decrease of the number of pulses per cavity
round-trip. There is still an amount of missing energy that is nec-
essary contained in both the self-generated cw component and
the amplified cw injected laser. To be more quantitative, the
200 mW of initial average output power is equally distributed
between 1500 solitons. When the laser operates in the HML regime
under external injection, the total output power becomes 180 mW,
which is divided between 135 mW equally shared among solitons,
and an amount of 45 mW shared between the two cw components.

If kext is further increased, the same HML regime persists until
kext ¼ 1553nm. For longer values of kext, the HML regime is lost
and we obtain a soliton gas where all solitons are in perpetual
motion and fill the whole cavity. If kext is now decreased, we
observe the reverse scenario without any hysteresis phenomena:
first the regime becomes HML and finally the initial soliton crystals
and bound states are restored. Hence, in this experiment the effect
of the external cw component is fully reversible. We have also ver-
ified that for kext ¼ 1552nm, if the injected power is reduced, the
HML regime persists in a wide range of injected powers. Indeed,
HML occurs until the injected power reaches the lower value
50 mW. Below this power, the initial soliton distribution is
retrieved. If the injected power is increased again, the HML regime
is restored.

We are convinced that the cw component takes a key role in the
self-organization of the pulses. Indeed, the initial bound state is
formed thanks to the equilibrium between attraction and short dis-
tance repulsion. While the cw external field is tuned within the
optical spectrum of the principal laser, this equilibrium is broken
through the emergence of a repulsive interaction. When the con-
densed phases are destroyed, the pulses move under the effect of
a long-range repulsion leading to the final soliton distribution
(HML regime). The fact that HML regime occurs for particular
wavelengths of the injected laser suggests that some resonance
effect occurs. This is in agreement with the preliminary theoretical
results reported in Ref. [38].
4. Theoretical approaches

In this section we consider two complementary theoretical
approaches, of increasing numerical complexity and accuracy, for
the modeling of a passively mode-locked fiber laser submitted to
a continuous external wave. The first one is a scalar distributed
model based on a universal master equation [36], and the second
one takes into account the precise mode-locking mechanism [13]
through a vectorial approach, and includes piece-wise laser cavity
sections and lumped polarization elements. A common point to
both models is to consider a coherent interaction between an intra-
cavity cw and a soliton inside the laser cavity and this mutual
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Fig. 10. Soliton inverse velocity w ¼ Dt=Dz against detuning Dm0 ¼ Dx0=2p for a
few values of the injected cw amplitude, namely A = 0.004 (green dotted line), 0.002
(red dashed line), and 0.001 (blue solid line). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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coherence is essential to achieve locking phenomena. Concerning
the level of coherence required from the injection laser in experi-
ments, this point requires further investigation. However we note
that the coherence of the intracavity field tends to improve, when
compared to the coherence of the injection laser, owing to the
effect of the gain medium through stimulated amplification.

4.1. Scalar distributed model

The complex Ginzburg–Landau (CGL) equation is one of the
most relevant models for the description of mode-locked fiber
lasers. The well-known master equation by Haus [50] is nothing
but a stationary version of the CGL; fiber laser models of cubic
and cubic–quintic CGL type have been derived from several specific
setups [11,51–55]; further, extensive mathematical studies are
devoted to this model [56]. Bound states of two and three soliton
have been considered theoretically in the frame of the complex
Ginzburg–Landau (CGL) equation [57–61].

The cubic–quintic CGL equation reads as

@E
@z
¼ dEþ bþ i

D
2

� �
@2E
@t2 þ ðeþ iÞEjEj2 þ ðlþ imÞEjEj4 ð1Þ

where E is the electric field amplitude, and the real normalized coef-
ficients d, b, D = ±1, e, l, and m account for (algebraic) net linear gain,
spectral gain bandwidth, dispersion, cubic and quintic nonlinear
gain, and fourth-order nonlinear index, respectively. In a distributed
laser model, the variable z is the normalized number of round-trips,
interpolated with a continuous variable to facilitate the analysis.

It must be noticed that free motion of solitons is not allowed
within the CGL model. Indeed, the term b@2E=@t2, which accounts
for finite spectral bandwidth of the gain, breaks the Galilean invari-
ance of the CGL equation. More specifically, if b is zero, and E0ðz; tÞ
is a solution to Eq. (1), then E ¼ E0ðz; t �wzÞ exp i½Dwt � ðDw2=2Þz�
is another solution moving at inverse speed w. If b–0, such a mov-
ing solution does not exist. It can be easily checked numerically
that an initial data of the form of a one-soliton solution E0ðz; tÞ of
Eq. (1) put into motion by a phase factor eiDx1t with Dx1 some fre-
quency shift, suffers strong braking and quickly stops.

The external injected cw wave is taken into account by adding a
source term to the CGL equation, which becomes

@E
@z
¼ dEþ bþ i

D
2

� �
@2E
@t2 þ ðeþ iÞEjEj2 þ ðlþ imÞEjEj4

þ A expð�iDx0tÞ ð2Þ

where A is the amplitude of the injected cw and Dx0 is the detun-
ing. Eq. (2) is solved by means of a standard fourth-order Runge–
Kutta algorithm in the Fourier domain, the nonlinear terms being
evaluated at each sub-step by means of inverse and direct fast Fou-
rier transforms. We use the parameters d ¼ �0:01, b ¼ 0:5, D ¼ 1,
e ¼ 0:4, l ¼ �0:05, and m ¼ 0, and vary A and Dx0. As Eqs. (1) and
(2) breaks the Galilean invariance, but a soliton acquires some
velocity depending on the amplitude A and detuning Dx0 of the
injected cw. Starting from initial data of the form of a one-soliton
solution to the CGL Eq. (1), and running the resolution of the prop-
agation equation until z = 20000, we evaluate the soliton relative
velocity w ¼ Dt=Dz, which represents the relative temporal dis-
placement per unit of cavity roundtrip. The results are presented
in Fig. 10. The velocity w has a very low value, less than 10�4. At
small detuning, and above some amplitude threshold of the cw
component (slightly larger than A = 0.001 at Dx0 ¼ 0), the one-sol-
iton state becomes unstable, and an additional soliton may be
formed. We limited the computation of velocity to the stability
domain of the one-soliton. In a real laser cavity, this instability is
counterbalanced by the saturation of the gain, which is not taken
into account by the CGL model: the instability mentioned above is
thus a mathematical property of the CGL model, which does not
correspond to the real laser behavior.

Let us now consider a large number of solitons. We still solve
numerically Eq. (2), with the same fixed parameters as above, vary-
ing the injected cw amplitude A and frequency shift Dm0 ¼ Dx0=2p,
but now we use as initial condition a soliton crystal solution of Eq.
(1) that fills the whole computation box, and record the long-time
regime that is reached after some transient. This transient corre-
sponds to the stage of development of the instability mentioned
above, however, the soliton crystal may remain stable in the pres-
ence of the cw component with amplitude in the considered range
(0.1–2), in contrast to the single soliton. The results do not depend
on the sign of Dm0; depending on its value, the pulse train may
behave as a crystal (Fig. 11(a)), a liquid (Fig. 11(b)), or a gas
(Fig. 11(c)), which all are computed for the same value of the
injected cw amplitude (A = 1.5). Note that this value is quite high
with respect to the one considered in the previous section.

The optical spectra computed by means of a fast Fourier trans-
form of the field E for the same three examples are given in Fig. 12,
and the autocorrelation trace

R
jEðs� tÞEðsÞj2ds, averaged on ten

numerical steps, is shown on Fig. 13. The various outcomes are
shown versus the amplitude and detuning in Fig. 14. The soliton
crystal remains if the amplitude is small or the detuning large; a
gas is produced in the opposite case. Intermediate patterns form,
of liquid or polycrystal type, in between.

Hence, in the frame of the CGL equation, the injection of a cw
component allows controlling the soliton distribution and also
allows, by tuning the frequency of the cw, to change the multisol-
iton pattern, from soliton crystal to soliton gas, via soliton liquid
and polycrystal.

Since it can transform the soliton crystal into soliton gas, we see
that the presence of a cw component can induce the apparent
‘‘Brownian motion’’ of the latter. It was shown above that the
velocity induced by the cw component entirely depends on it.
However, at the high amplitudes of injected cw considered here,
the nonlinear interaction between cw component and pulses is
much more complex. In particular, one can expect that the ampli-
tudes of the considered radiative waves vary all along the cavity.
Since we have seen that a tiny variation of the cw component in
either amplitude or frequency was able to change radically the sol-
iton velocity, the variations of the radiative waves change the sol-
iton in the same way, and the resulting changes are apparently
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Fig. 11. Evolution of the temporal soliton pattern. (a) Soliton crystal for Dm0 ¼ 1:2,
(b) soliton liquid for Dm0 ¼ 0:9, and (c) soliton gas for Dm0 ¼ 0:8.

Fig. 12. Spectrum for the same three values of detuning as in Fig

(a)

(b)

(c)

Fig. 13. Autocorrelation trace for the same three values of detuning as in Fig. 11. (a)
Soliton crystal, (b) soliton liquid, and (c) soliton gas.
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random. This is the explanation of the erratic motion in a soliton
gas: radiative waves form in a quite erratic way. They induce
soliton motion. The relation between the radiative waves and
soliton velocity is single-valued but very complicated, so that its
deterministic character does not prevent the general motion to
appear as stochastic.

4.2. Lumped vectorial model

To develop our analysis of the role of an external optical
injection on the interaction between solitons in a fiber laser with
the nonlinear polarization rotation technique, we use now the
vectorial model described by the following normalized equations
[13,16,38].

@Ex

@f
¼ ðDr þ iDiÞ

@2Ex

@s2 þ gEx þ iq jExj2Ex þ AjEyj2Ex þ BE2
yE�x

� �

þ P exp iðdxs� djfÞ ð3Þ
(a)

(b)

(c)

. 11. (a) Soliton crystal, (b) soliton liquid, and (c) soliton gas.



Fig. 14. The different regimes versus the detuning Dx0 and the amplitude A ¼ Acw of the injected cw component.

Fig. 15. Schematic representation of a passive mode-locked erbium-doped fiber
laser based on nonlinear polarization rotation technique and submitted to an
external cw injection.
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@Ey

@f
¼ ðDr þ iDiÞ

@2Ey

@s2 þ gEy þ iq jEyj2Ey þ AjExj2Ey þ BE2
x E�y
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Ex and Ey are two orthogonal components of the electric field

expressed in units ð
ffiffiffiffiffi
cL

p
Þ�1

where L(m) is the dimensional cavity
length and c(W�1 m�1) is the dimensional nonlinear refractive coef-
ficient related to the nonlinear refractive index coefficient [13], f is
the propagation distance (the number of passes of the radiation
through the laser cavity), s is the time coordinate in units
dt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jb2jL=2

p
where b2 is the second-order group-velocity disper-

sion for the intracavity medium, Dr is the frequency dispersion of
the gain and the linear losses, Di is the frequency dispersion of
the refractive index, q is the normalized nonlinearity of the refrac-
tive index, A = 2/3, B = 1/3. The term g describes the amplification in
presence of saturation, namely g ¼ a=ð1þ b

R
IdsÞ, where the inte-

gration is carried out over the whole round-trip period, a is the
pumping parameter, b is the saturation parameter and

I ¼ jExj2 þ jEyj2. The last term in Eq. (3) describes the electric-dipole
polarization of the intracavity medium that produces the mono-
chromatic radiation inside the laser cavity. By this means, we model
the injected radiation inside the laser cavity [38]. The parameters
dx and dj are determined by the frequency and wave vector of
the external injected monochromatic radiation. Here dx is the
detuning of the carrier frequency of the external radiation from
the center of the spectral gain band. The parameters dx and dj
are chosen so that the injected radiation coincides with the radia-
tion of one of the longitudinal modes of the laser resonator. This
implies that dx and dj satisfy the dispersion relation

dj ¼ DiðdxÞ2, which is obtained from Eq. (3). Consequently, in our
numerical simulations we choose the frequency detuning in the
form dx ¼ 2pK=l, where the frequency parameter K is an integer
and l is the length of the temporal computation box. The direction
of a polarization of the linearly polarized injected cw coincides with
the direction of the x-axis. Varying the parameters P and K, we can
change the intensity Icw of the intracavity injected cw and its
frequency detuning dx, respectively.
Eqs. (3), (4) describe the field evolution in the fiber of the uni-
directional fiber ring laser shown in Fig. 15. The laser resonator
contains a polarization control system including the following
sequentially arranged components: a half-wave phase plate with
orientation angle a2 with respect to the x-axis, a quarter-wave
plate (orientation angle a1), a polarizing isolator (the passing axis
is parallel to the x-axis), and a second quarter-wave plate (orienta-
tion angle a3) [13]. The polarization control system produces non-
linear losses that form ultrashort pulses in the laser resonator.

For our numerical simulation, the parameters of Eqs. (3) and (4)
are chosen to be close to parameters of the passively mode-locked
Er-doped laser investigated in Ref. [35] (a � 0:5; b ¼ 0:02;Dr ¼ 0:1;
Di ¼ 0:69; q ¼ 1;a1 ¼ 0:2;a2 ¼ 0:4;a3 ¼ �0:2; and l � 164). Fig. 16
shows the characteristics of the intracavity radiation cw that is
only due to the external optical injection. Here the amplification
g is less than linear losses due to a joint action of the polarizer
and the phase plates. As a result, the intracavity radiation exists
only because of the external injection. Varying the parameter K,
we can change the frequency of the intracavity-injected cw. Chang-
ing the parameter P we can change a value of its intensity Icw. The
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Fig. 16. (a) Distributions of the intensity IðsÞ and phase uðsÞ of the intracavity
radiation due to an external optical injection with a pumping a below the threshold.
(b) Spectral distribution of the radiation. Here
a ¼ 0:4;a1 ¼ 0;a2 ¼ 0:4;a3 ¼ 0;K ¼ 10; P ¼ 0:1; l � 164.
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arrow in Fig. 16 shows a direction of a movement of points of the
cw with a fixed phase. The total phase change of the cw on the
length of the temporal computation box l is equal to 2pK.

Fig. 17(a) shows the steady-state soliton that is formed in the
laser cavity after a transient process. Here the injected external
wave is absent (P = 0). The soliton has a pedestal with powerful
wings due to dispersive waves. The soliton circulating in the laser
cavity periodically experiences perturbations caused by lumped
nonlinear losses and various intracavity components. After each
perturbation, the soliton emits a dispersive wave. Constructive
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Fig. 17. (a) Distributions of the soliton intensity IðsÞ and phase uðsÞ in the vicinity
of the soliton pedestal without external optical injection (P = 0). (b) Spectral
distribution of the soliton.
interference between these waves forms powerful spectral side-
bands (see Fig. 17(b)) and powerful extended soliton wings [62].
These wings result in long-range interaction, providing the forma-
tion of bound steady states of interacting solitons with a large
binding energy [49]. As illustrated in Fig. 17(a), at the distant
wings, the intensity IðsÞ approaches zero. The radiation distribu-
tion IðsÞ is repeated with a round-trip period df ¼ 1. The oscilla-
tions of the intracavity field with this period are due to the
interaction of the soliton with the lumped intracavity elements.
For the laser parameters used here, points with a certain fixed
phase move to the center of the pulse. Arrows in Fig. 17(a) give
the directions of this motion. The phase difference for any two
fixed points of the field distribution does not change from one pass
of the field through the laser resonator to the other.

Fig. 18 shows the steady-state distributions of the intensity IðsÞ,
the phase uðsÞ, and the spectrum of the intracavity radiation con-
sisting of the steady-state soliton with the injected cw (here P–0).
At the distant wings of the soliton, the intensity IðsÞ approaches
the intensity Icw of the injected cw. The radiation distribution IðsÞ
is repeated with a round-trip period df ¼ 1. Here the phase differ-
ence for any two points of the field distribution is also repeated
with this period that implies phase locking of the soliton and the
intracavity-injected cw. As shown in Fig. 18(b), in the presented
case, the frequency parameter K of the injected cw corresponds
to the peak of the right frequency sideband. This implies that the
frequency parameter of the right soliton wing Krw due to dispersive
waves, coincides with the corresponding parameter of the injected
cw Krw ¼ K. Accordingly, for the frequency parameter of the left
soliton wing K lw, we have K lw ¼ �K. The injected cw and the wave
due to the right soliton wing form a destructive interference that
decreases the resulting wave field at the right wing of the soliton
(see Fig. 18(a)). This mechanism is also likely to be involved in
the temporally asymmetric radiation of the condensed soliton
phase depicted in Section 2 within the soliton rain dynamics. The
injected cw and the wave due to the left soliton wing form a stand-
ing wave. Here it should be noted the following. First, the phases of
the steady-state soliton and the cw increase linearly with increas-
ing f. When these rates of the phase increase coincide or are close
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Fig. 18. (a) Distributions of the intensity IðsÞ and phase uðsÞ of the field in the
vicinity of the soliton pedestal in the case of an injected cw (P–0). (b) Spectral
distribution of the resulting radiation.
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Fig. 22. Dependence of the intensity distribution IðsÞ on the number of round trips f
in a passive mode-locked laser with an injected cw. Regime of a soliton repulsion.
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to each other, resonant interaction between the soliton and the cw
occurs. This interaction results in phase locking of the soliton and
the cw. Such phase locking is realized in the case of Fig. 18. Second,
I

60

100

140

5000

6000

7000

0
5
10

0
5

10

(a)

(b)

40 90 140
0

I
0.1

0.2

Fig. 21. Dependence of the intensity distribution IðsÞ on the number of round trips f
in a passive mode-locked laser with an injected cw. Regime of a soliton attraction.
(a) Transient process. (b) Steady state (the scale is enlarged). K = 40, P = 0.15,
l � 164.
the powerful soliton wings and the powerful spectral sidebands are
formed by dispersive waves for which the condition of the phase
locking is fulfilled [38].
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Fig. 23. Dependence of the intensity distribution IðsÞ on the number of round trips f
in a passive mode-locked laser with an injected cw. Regime of a soliton crystal. (a)
Transient process. (b) Steady state (the scale is enlarged). The two-soliton molecule
is marked by the grey circle. K = 76, P = 0.09, l � 328.
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Fig. 19 shows the dependence of the soliton velocity dt ¼ ds=df
on the detuning parameter K of the injected cw. For the principal
negative peak in the vicinity K = 40, the change of the phase differ-
ence of the soliton and the cw over one round-trip period is equal
to zero. Here the condition of the phase locking is fulfilled and the
value jdtj is large. Outside the phase-locking region, the phase
difference for the soliton and the cw oscillates and the value jdtj
becomes small. For other peaks in Fig. 19 the change of the phase
difference for the soliton and the cw over one round-trip period is a
multiple of 2p.

Fig. 20 shows the dependence of the soliton velocity on the
intensity Icw of the injected cw. Phase locking of the soliton and
the injected cw occurs in the intensity interval between points 1
and 3. To the left of the point 1, phase locking is absent. To the right
of the point 3, the injected cw destroys the single soliton operation.
Between points 1 and 2 as well as between points 2 and 3 the
dependence of dt on Icw is monotonic.

Fig. 21 demonstrates the attraction of two laser solitons. As a
consequence of such interaction, after a transient process a
stationary bound soliton is realized.

Fig. 22(a) shows a repulsion of laser solitons. After each pulse,
the injected cw is attenuated because of its destructive interfer-
ence with the right-wing dispersive waves. As a consequence, the
resultant cw increases monotonically from left to right along the
pulse train. The changing intensity of the resultant cw is between
points 1 and 2 in Fig. 20, where the velocity of motion of pulses in
the right direction increases monotonically with increasing inten-
sity Icw. As a result, the velocity of the solitons motion in the right
direction increases monotonically along the soliton train from left
to right. This distribution of soliton velocities in the train results in
an increase of inter-soliton spacing, that is, to repulsion of the sol-
itons. In this case, after a transient process the harmonic passive
mode locking (multi-pulse operation with equidistant pulses) is
realized (see Fig. 22(b)). In the steady-state lasing regime, all
pulses have the same phases at the points of their peak amplitudes.
For the used laser parameters, the duration of the transient process
is of the order of 104 round-trip periods. In the steady-state regime
of harmonic passive mode locking, the ratio of the inter-soliton
interval to the soliton width is of the order of 100. In the case of
Fig. 21, the resultant cw is between points 2 and 3 of Fig. 20.
Correspondingly an inter-soliton attraction is realized.

Fig. 23 demonstrates a formation of a soliton crystal through
the light-induced drift of solitons in a laser cavity. The initial field
is chosen in the form of a pair of strongly bound solitons and sev-
eral individual solitons. The light-induced velocities of the soliton
pair and an individual soliton are different. As a result, individual
solitons drift toward the soliton pair, collide with it, stop and
create a condensed soliton phase in the form of a soliton crystal.
5. Conclusion

In this paper we have presented an extensive review of the
dynamics of a passively mode-locked fiber laser operated in the
multi-pulse regime, when the interaction with a cw or quasi-cw
background wave proves to be determinant. Hence, the basic idea
was to address the important question on the possibility to manip-
ulate soliton sequences in fiber lasers by controlling the level of the
cw background. In a first part we have presented several experi-
mental results demonstrating that the presence of a cw component
has a strong influence in the soliton dynamics. Indeed, it allows
either to control the appearance of drifting solitons in the soliton
rain dynamics, or to generate a repulsive interaction between sol-
itons in a stable condensed phase. Based on these experimental
results, we have undertaken several theoretical approaches to
describe the effect of an external cw on a given soliton distribution.
The first model is a scalar distributed model based on a universal
master equation. Numerical simulations have shown that the
external cw is able to induce a relative motion of solitons. Depend-
ing on both the frequency detuning and its amplitude, the cw leads
to different soliton distributions such as a soliton crystal or a soli-
ton liquid. However, this model does not reproduce harmonic
mode-locking regimes such as those observed experimentally. This
is in part due to the fact a fully distributed model lacks the
essential cavity discretization effects, and the associated resonant
interaction processes between solitons and radiated dispersive
waves. To circumvent these limitations, we have constructed a
second model closer to the realistic fiber laser case. It includes
the vector properties of the electromagnetic field together with
the exact mode-locking mechanism, including the lumped wave
plate and polarizing components. Because of its larger parameter
space and greater complexity, this model is restricted to the com-
putation of the propagation and interaction of few solitons. Results
have pointed out a resonance phenomenon between the spectral
sidebands of the mode-locked laser and the frequency of the exter-
nal cw. Depending on its amplitude and frequency, the cw is able
to induce repulsive or attractive soliton interaction. As a conse-
quence, the model is able to reproduce harmonic mode-locking
regime involving repulsive and coherent soliton interaction. Com-
plementing the traditional views of harmonic mode locking, which
was thought to be essentially related to the slow gain relaxation
dynamics [23], our description constitutes a significant progress
towards a global understanding of multiple soliton dynamics,
and the possibility of efficient manipulation of multi-soliton states
inside of a laser cavity. More complex dynamics, as the soliton rain
dynamics, still constitute considerable challenges for modeling due
to the numerous processes and timescales involved. Still, advanc-
ing in that modeling direction will enable addressing a large class
of fundamental multi-scale evolution problems as well as targeting
optimized control routes for multisoliton states desirable in given
applications, such as in high-repetition-rate all-fibered ultrashort
pulse sources and stable frequency comb generation.
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