N
N

N

HAL

open science

Noncommutative Toda chains, Hankel
quasideterminants and the Painlevé II equation
Vladimir Retakh, Vladimir Roubtsov

» To cite this version:

Vladimir Retakh, Vladimir Roubtsov. Noncommutative Toda chains, Hankel quasideterminants and
the Painlevé I equation. Journal of Physics A: Mathematical and Theoretical, 2010, 43 (50), Non

spécifié. 10.1088/1751-8113/43/50/505204 . hal-03054049

HAL Id: hal-03054049
https://univ-angers.hal.science/hal-03054049
Submitted on 11 Dec 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://univ-angers.hal.science/hal-03054049
https://hal.archives-ouvertes.fr

IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Noncommutative Toda chains, Hankel quasideterminants and the Painlevé Il equation

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2010 J. Phys. A: Math. Theor. 43 505204
(http://iopscience.iop.org/1751-8121/43/50/505204)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 193.52.40.1
This content was downloaded on 17/07/2015 at 10:08

Please note that terms and conditions apply.



iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/50
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 505204 (13pp) doi:10.1088/1751-8113/43/50/505204

Noncommutative Toda chains, Hankel
quasideterminants and the Painlevé II equation

Vladimir Retakh' and Vladimir Rubtsov>>

1 Department of Mathematics, Rutgers University, Piscataway, NJ 08854-8019, USA

2 Département de Matématiques, Université d’ Angers, LAREMA UMR 6093 du CNRS, 2,
bd. Lavoisier, 49045, Angers, Cedex 01, France

3 Theory Division, ITEP, 25, B. Tcheremushkinskaya, 117259, Moscow, Russia

E-mail: vretakh@math.rutgers.edu and Volodya.Roubtsov @univ-angers.fr

Received 12 September 2010, in final form 27 October 2010
Published 24 November 2010
Online at stacks.iop.org/JPhysA/43/505204

Abstract

We construct solutions of an infinite Toda system and an analog of the
Painlevé II equation over noncommutative differential division rings in terms
of quasideterminants of Hankel matrices.

PACS numbers: 02.10.Yn, 02.30.1Ik, 02.20.Sv
Mathematics Subject Classification: 37K10, 16B99, 16W25

Introduction

Let R be an associative algebra over a field with a derivation D. Set Df = f’ for any f € R.
Assume that R is a division ring. In this paper we construct solutions for the system of
equations (0.1) over algebra R

(0.6,") = 0,116, — 60,6,

n—1°

n>1 0.1 —n)
assuming that 8, = ¢, 6y = ¥ ', ¢, ¥ € R and its ‘negative’ counterpart (0.1")
(M) = NNt — Nyt s m>1 0.1 —m)

where No = ¢_17 n-1= W

Note that 6’0~! and 6~'0’ are noncommutative analogs of the logarithmic derivative
(log6)'.

We then use the solutions of the Toda equations under a certain ansatz for constructing
solutions of the noncommutative Painlevé Il equation

1
Pri(u,B): u’ =2u’ —2xu —2ux +4 (/3+ 5) ,

where u, x € R, x’ = 1 and B is a scalar parameter, 8’ = 0.
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Unlike papers [NGR] and [N] we consider here a ‘pure noncommutative’ version of the
Painlevé equation without any additional assumption for our algebra R.
In fact a noncommutative (‘matrix’) version of Painlevé 11

Pri(u, B): u” =213 +xu+ Bl

was considered for the first time in the papers by Sokolov with different co-authors: we
mention here for example [BS]. But their form of this equation, satisfying the Painlevé test, at
the same time cannot be obtained as a reduction of some matrix analog of the mKDV system.

Our equation is similar to this noncommutative Painlevé II but there is an essential
difference: we write the second term on the RHS in the symmetric or ‘anticommutator’ form.
This splitting form is much more adaptable to some generalizations of the usual commutative
Painlevé II.

Our motivation is the following. In the commutative case one can consider an infinite
Toda system (see for example [KMNQOY, JKM]):

Tt — (1)) = Ty Tuot — QY T, 0.2 —n)

with the conditions 1) = ¢, 790 =1, 71 = V.
Letn > 1. By setting 8, = 1,/t,—1 the system can be written as

(log 7)) = 6,416, — ¢

For n = 1 we have equation (0.1-1) with 6, = ¢,6, = ¥~ '. By subtracting
equation (2.2-n) from (2.2-(n+1)) and replacing the difference log 7,,; — log 7, by log Tt—:‘
one can get (0.1-n).

Similarly, the system (0.2-m) for positive m implies the system (0.1'-m) for 6_,, =
Tom / T_m+1-

By going from t,,’s to their consecutive relations we are cutting the system of equations
parametrized by —oco < n < 0o to its ‘positive’ and ‘negative’ part.

A special case of the semi-infinite system (0.1) over noncommutative algebra with 6 !
formally equal to zero was treated in [GR2]. In this paper, solutions of the Toda system
(0.1) with 6, ! = 0 were constructed as quasideterminants of certain Hankel matrices. It was
the first application of quasideterminants introduced in [GR1] to noncommutative integrable
systems. This line was continued by several researchers, see, for example, [EGR2, EGR1],
papers by Glasgow school [GNS, GN, GNO] and a recent paper [DFK].

In this paper we generalize the result of [GR2] for §y = ¥ ! and extend it to the infinite
Toda system. The solutions are also given in terms of quasideterminants of Hankel matrices
but the computations are much harder. We follow here the commutative approach developed
in [KMNOY, JKM] with some adjustments but our proofs are far from a straightforward
generalization. In particular, for our proof we have to introduce and investigate almost Hankel
matrices (see section 2.2).

From solutions of the systems (0.1) and (0.1) under certain ansatz we deduce solutions
for the noncommutative equation Py, (u, ) for various parameters § (theorem 3.2). This is a
noncommutative development of an idea from [KM].

We start this paper by a reminder of the basic properties of quasideterminants, then
construct solutions of the systems (0.1) and (0.1”) and then apply our results to noncommutative
Painlevé II equations following the approach by [KM].

Our paper shows that a theory of ‘pure’ noncommutative Painlevé equations and the
related t-functions can be rather rich and interesting. The Painlevé II type was chosen as a
model and we will investigate other types of Painlevé equations.
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1. Quasideterminants

The notion of quasideterminants was introduced in [GR1], see also [GGRW, GR2, GR3].

Let A = ||a;ll, i, j = 1,2,...,n, be a matrix over an associative unital ring. Denote
by A4 the (n — 1) x (n — 1) submatrix of A obtained by deleting the pth row and the gth
column. Let r; be the row matrix (a;y, a2, .. .4}, - . ., aiy) and ¢; be the column matrix with
entries (alj, azj, - - .flij, ey a,,j).

Forn = 1, |Al;1 = ay. Forn > 1 the quasideterminant |A|;; is defined if the matrix A7

is invertible. In this case
|Alij = aij —ri(AV) ;.
If the inverse matrix A~' = ||b|| exists, then b,, = |A| ] provided that the
quasideterminant is invertible.
If R is commutative, then |A];; = (—1)"*/ det A/ det AV for any i and ;.
Examples.

(a) For the generic (2 x 2)-matrix A = (a;;), i, j = 1, 2, there are four quasideterminants:
~1 ~1
[Al11 = an — anay, az,  |Ali2 = a2 — anay; axn,
—1 ~1
|Al21 = ao1 — anay, an,  |Aln = axn — anay; an.
(b) For the generic (3 x 3)-matrix A = (a;;), i, j = 1, 2, 3, there are nine quasideterminants.
One of them is
—1 —1 —1 —1
|[Aln = an — 6112(5122 — az3ds; 6132) az) — 1112(6132 — assdys 1122) as]

1 —1 -1 -1
—6113(023 — ands, 033) al — a13(a33 —daz - dy a23) asy.

Here are the transformation properties of quasideterminants. Let A = ||a;;|| be a square
matrix of order n over a ring R.

(i) The quasideterminant |A|,, does not depend on permutations of rows and columns in the
matrix A that do not involve the pth row and the gth column.

(ii) The multiplication of rows and columns. Let the matrix B = ||b;;|| be obtained from the
matrix A by multiplying the ith row by A € R from the left, i.e. b;; = Aa;; and by; = a;
for k # i. Then

|Bli; = . . . )
| Al if k#£i and A is invertible.
Let the matrix C = ||c;;|| be obtained from the matrix A by multiplying the jth column
by 1 € R from the right, i.e. ¢;; = a;;jt and ¢;; = a;; forall i and [ # j. Then
.y = |Aljju it 1=,
T 1Al if 1#£j and 1 is invertible.
(iii) The addition of rows and columns. Let the matrix B be obtained from A by replacing the

kth row of A with the sum of the kth and /th rows, i.e. by; = ax; +a;;, bij = a;; fori # k.
Then

|Ali; = |Blij. i=1,...k—1, k+1,...n, j=1,....n.

We will sometimes need the following property of quasideterminants called the
noncommutative Lewis Carroll identity. It is a special case of the noncommutative Sylvester
identity from [GR1, GR2] or heredity principle formulated in [GR3].

Let A = [|a;;ll,i, j = 1,2, ..., n. Consider the following (n — 1) x (n — 1)-submatrices
X =|lxpgll, g =1,2,...,n—1, of A: matrix Ay = ||a,,|| obtained from A by deleting its

3
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nth row and nth column; matrix B = ||b,,|| obtained from A by deleting its (n — 1)st row and
nth column; matrix C = ||c,,|| obtained from A by deleting its nth row and (n — 1)st column;
matrix D = ||d,,|| obtained from A by deleting its (n — 1)st row and (n — 1)st column. Then

|Alun = IDln—1.0-1 = |Blu=t.n-11400, "1 o1 1Clutn1 (1.1

2. Quasideterminant solutions of noncommutative Toda equations

2.1. Noncommutative Toda equations in bilinear form

Let F be a commutative field and R be an associative ring containing F-algebra. Let
D : R — R be a derivation over F, i.e. an F-linear map satisfying the Leibniz rule
D(ab) = D(a) -b+a- D) for any a,b € R. Also, D(a) = 0 for any ¢ € F. As
usual, we set u’ = D(u),u” = D(D(u)),.... Recall that D(v™!) = —v~"v'v™! for any
invertible v € R.

Let¢, ¥ € Rand Rbeadivisionring. We now construct solutions for the noncommutative
Toda equations (0.1) and (0.1’) assuming that 6y = !, 0, = ¢ and ng = ¢!, n_; = .

Set (cf [KMNOY, JKM] for the commutative case) ag = ¢, by = ¥ and

an=a,  + Y aa; bu=b,  + > bi¢b; n>1. (2.1
i+j=n—2,i,j >0 i+j=n—2,i,j >0
Construct Hankel matrices A, = ||ai+;||, B, = ||bisjll,i,j =0,1,2...,n.

Theorem 2.1.  Set 6,1 = |A,lp,p» N—g—1 = |Bylq.q- The elements 6, for n > 1 satisfy the
system (0.1) and the elements n_,,, m > 1, satisfy the system (0.1').

This theorem can be viewed as a noncommutative generalization of theorem 2.1 from
[KMNQOY]. In [KMNOY] it was proved that in the commutative case the Hankel determinants
Tyep =detA,,n 20,79 =1, t_,_; =detB,, n <0, satisfy the system (0.2).

Example. The (noncommutative) logarithmic derivative 66, ' satisfies the noncommutative
Toda equation (0.1-1):
(616,") = 6207 = g
In fact,
o) = (@ay") = @ — aoprana;’ = (aay")’
= (az — alaalal)aal —agy = 920171 — Y.

Our proof of theorem 2.1 in the general case is based on the properties of quasideterminants
of almost Hankel matrices.

2.2. Almost Hankel matrices and their quasideterminants

We define almost Hankel matrices H,(i, j) = |layll, s,t = 0,1,...,n,i,j > 0, for a
sequence ay, ai, az, . .. as follows. Set a,, = a;,; and fors,t <n
Agt = Ag41, Apt = Qjyr, Aspn = st

and Qpp = Qjtj.

Note that H, (n, n) is a Hankel matrix.

Denote by £, (i, j) the quasideterminant | H, (i, j)|.,. Then h, (i, j) = O if at least one of
the inequalities i < n, j < n holds.

4
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Lemma 2.2.
i J
haiy ) = ki ) = Y @p 1 Whali = p, j) = Y hali, j —@)Wag1 (2.2)
=1 g=1
where
kn(, j)=h,@+1,j)—h,—1(i,n— l)h;ll(n —1l,n—Dh,(n,j). (2.3a)
Also,

=h,(i, j+1) = h,(i,m)h, " ((n—1,n — Dhy_y(n — 1, 7). (2.3b)

Note that some summands 4, (i — p, j), h,(i, j —q) in formula (2.2) can be equal to zero.
Since h, (i, j) = 0wheni < n or j < n we have the following corollary.

Corollary 2.3.

hay(n,n) =k, (n,n),

ha(i,n) = k(i n) = Y a1 Yha(i = s, n),
s=1

J
ha(n, ) = tka(n, ) = Y ha(n, j = v)ray 1.

v=I

Proof of lemma 2.2. We prove lemma 2.2 by induction. By definition,

i+j—1 i—1
oy _1
hi(@, ) = Girjs1 — E MV aipj—1—k — (am - E aswai—l—s>ao aj;

k=0 s=0

j—1
—1 —1 —1
ta;a, aa, a; —a;aq, Ajy) — E aj—l—twat .
t=0

Set
Lo -1 -1 —1 -1 .
k1(i, j) = Aivj+1 — Aiv1dy A +a;ay ajay aj — aiay Aj;

we can check formulas (2.3a) and (2.3b). The rest of the proof for n = 1 is easy.
Assume now that formula (2.2) is true for n > 1 and prove it for n + 1. By the
noncommutative Sylvester identity (1.1)

Bt Qs j) = ha(i, j) = ha (i, )R (n, )Ry (n, ). (2.4)
Set hy1(i, j) = kp1 (G, J) + rae1 (i, j) where k41 contains all terms without . Then
kns1 (is J) = kn iy j) = ken (i )y (0, )y (n, )
+hy (i, )R, (n, n)ic, (n, ), (n, n)hy (n, ) — hy Gy )Ry (0, )k, (1, ).
By induction, the first two terms can be written as
hali + 1, ) = huei Gon = DAL 0= 1,n = Dhy(n, )
+[ha G+ 1,n) — hyy(i,n — DR (0 — 1,0 — Dby (n, n)hy, (n, )b, (n, )
=h,(i + 1, j) = hy(i + 1,0k, (n, )k, (n, j).

This expression equals to /,,.1 (i + 1, j) by the Sylvester identity.
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The last two terms in k,4+1 (i, j) can be written as
By )by, )y (n+ 1, ) — hyy(n,n — DR (n = 1,0 — Dhy,(n, )10, !
X (n, My (n, j) = hy(i, )y (n, n)[hy(n + 1, j)
—hyy(n.n— DR (n = 1,0 = Dhy(n, )]
= h,(i, n)h;l(n, m[—h,n+1,n)+h,(, n)h;l(n, mh,(n+1, j)]
= — hy(i, )k, (n, Why (n+1, )

also by the Sylvester identity.
Therefore, k.1 (i, j) satisfies formula (2.3a). Formula (2.35) can be obtained in a similar
way.
Let us look at the terms containing ¥r. According to the inductive assumption
i J
ha(iy ) = knliy J) = Yk aWhai =k, j) = Y hali, j — Ovrae .
=1

k=1

Using corollary 2.3 and formula (2.2) for n one can write r,41 (7, j) as

i J
=D a1 Yha i =k, j) = Y bl j = Ovac

k=1 (=1

+ ) a1 Yha (i =k, Ik (n, Wby (n, )

k=1

J
+ R i, Ry () Y ha(n, j — OVa
=1

= = Y a1l =k, j) = byl =k, mh, (2, M)k, (n, )]
k=1

J
= Y (i j =€) = kol )by (0, )Ry (n, j — OWag-y.
=1

Our lemma now follows from the Sylvester identity applied to each expression in square
brackets. ]

Corollary 2.3 and formula (2.3a) immediately imply
Corollary 2.4. Forn > 1

hp(n,n)' by (n,n) = hy(n+ 1, n)h; (n,n) — hy_y(n,n— D' (n — 1,0 — 1).

Note on the right-hand side we have a difference of left quasi-Pliicker coordinates (see
[GR3]).
2.3. Proof of theorem 2.1

Our solution of the Toda system (0.1) follows from corollary 2.4 and the following lemma.

Lemma 2.5. Fork >0
[k +1, k)h,:l(k, DY =hp(k+1,k+ l)h,:l(k, k) — agyr.
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Proof. Corollary 2.3 and formula (2.3b) imply
B+ 1,k) = hy(k+ 1, k+1) — Gk + 1, )R (k= 1,k — Dhyg_y(k — 1, k) — agWhy (k, k)

because hy(k+1 —s5,k) =0fors > 1.
Then, using again formula (2.3b) one has

[k + 1,k B (kT = [hilk + 1,k + 1) — bk + 1, k)R
x (k= 1,k — Dhy_y(k — 1, k) — apyrhy (k, k)1hg ' (k, k)
— i (ke + 1, k)b (e, k) 1T (k, k + 1) — Ry (k, k)R
x (k— 1,k — Dhy_y(k — 1,k)]h; " (k, k)
= [k + 1,k + 1) — by (k + 1, )y (k, k)h(k, k + DR (K, k) — agyr
= a1 Gk + 1,k + Dh ke, k) — aoyr
by the Sylvester formula. O

Theorem 2.1 now follows from corollary 2.4 and lemma 2.5. The statement for n_,,,
m > 1 can be proved in a similar way.

3. Noncommutative Painleve IT

3.1. Commutative Painleve Il and Hankel determinants: motivation

The Painleve II (Pj;) equation (with commutative variables)

1
u = 2u’ —4xu+4<,8+§>

admits unique rational solution for a half-integer value of the parameter 5. These solutions
can be expressed in terms of logarithmic derivatives of ratios of Hankel-type determinants.
Namely, if 8 = N + %, then

d det Any(x)
= —log——,

dx det Ay(x)
where Ay (x) = |la;.j|| wherei, j = 0,1, ..., n—1. The entries of the matrix are polynomials
a(x) subjected to the recurrence relations:

u

n—2
’ § :

ap = X, ay = 17 a, =a, |+ aiap—2—i
=0

(see [KO], [JKM]).

3.2. Noncommutative and ‘quantum’ Painleve Il

We will consider here a noncommutative version of P;; which we will denote nc — Py;(x, 8):
Vi 3 1
u' =2u’ —2xu —2ux +4 /3+§ ,

where x,u € R, x’ = 1and B is a central scalar parameter (8 € F, 8/ = 0).
This equation is a specialization of a general noncommutative Painlevé II system with
respect to three dependent noncommutative variables ug, uy, us:

Ug = Uglly + Usllg +
/ J—
Uy = —UilUy — UrU) + oy

wy = uy — u.
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Indeed, taking the derivative of the third and using the first and second, we get
Uy = —(uo +up)uy — uz(ug +uy) + a1 — op.
Then we have
(o +u1) = —ubuy — uguhy + g + oy
and immediately
—(ug +uy) = u% —(wg+oa))x —y, yekF.
Comparing with u} we obtain the following nc — Pj;:
uy = 2u% — (g + ap)xuy — (g + @)urx — 2yuy + o) — .

Our equation corresponds the choice y =0, ) =2(8 + 1), a9 = —28.

Remark. The noncommutative Painlevé II system above is the straightforward generalization
of the analog system in [NGR] when the variables u;,i = 0, 1, 2, are subordinated to some
commutation relations. Here we do not assume that the ‘independent’ variable x commutes

Going further with this analogy we will write a ‘fully noncommutative’ Hamiltonian of
the system
H = %(Moul +ulgy) + Uy
and introduce the ‘canonical’ variables

. . 1 2
p = up, q . =u, X = §(M0+M1+Lt2).

Proposition 3.1. Let a triple (x, p, q) be a ‘solution’ of the ‘Hamiltonian system’ with the
Hamiltonian H and oy = 2(B + 1):

DPx = _Hq
qx :Hp-

Then p satisfies the nc — Pyj:

1
Dxx =2p3—2px—2xp+4<,8+§>,

Proof. Straightforward computation gives that
Dx = p2 +2g — 2x
g = a1 — (qp + pq).
Taking pyx = pxp + pPx +2q, — 2 and substituting p, and g, we obtain the result. O

We give (for the sake of completeness) the explicit expression of the Painlevé Hamiltonian
H in the ‘canonical’ coordinates:

H(x, p,q) =qx +xq —q* — Xqp* + p’q) +2(B + Dp.



J. Phys. A: Math. Theor. 43 (2010) 505204 V Retakh and V Rubtsov

3.3. Solutions of the noncommutative Painlevé and the Toda system

Theorem 3.2. Let ¢ and \ satisfy the following identities:
Ipflw// — ¢//¢71 =2x — 2¢Vf’ (31)

v —v'd =28. (3.2)
Then forn € N

(1) u, = 6,6, satisfies nc — Pry(x, B +n — 1);
(2) u_, =", 0"} satisfies nc — Pr;(x, g — n).

Let us start with the following useful (though slightly technical) lemma.

Lemma 3.3. Under the conditions of theorem 2.1 we have the chain of identities (n > 0):
(1) 0.6 +6, 6! =2(B+n—1)0,16;"
(2) 0/6,1 =2(x — 6,6,",)
and also, forn > 1
(3) Mgy + Mpsin g = =208 = n+ D00 Zam-nn
(4) nan”, = 2(x = gy ln-
Proof. Remark that the first step in the chain (n = 1) directly follows from our assumption:
h=0.00=y "
o+ Dy =289
Indeed, we have
¢~ —y Ty =28y 97
where the result
Ve — Yo =28.
The second step (n = 2) is a little bit tricky.
We consider the Toda equation (¢'¢p~") = 6,6~ ' — ¢ and easily find 6, (using
$'¢" = 2x — 2p):
0 =2x¢ — prdp — ('™ )9'.
Taking the derivation and using the same Toda and the first step identity, we get
0, =20(B+1) — /¢ 6.
The second (n = 2) identity is rather straightforward:
05 +(667") 6>+ (0,67")63 = 2(8 + 1)6;.
Again using the Toda and the first identity we finally obtain
6,6, +6:07" — oy — (¢'¢p™)* =0
and then
050, +2x — 2(py + (@'dH?) =650, —2(x — ™) = 0.

We will discuss one more step, namely the passage from n = 2 to n = 3 (then the
recurrence will be clear). We want to show that

(1) 030, + 05051 = 2(B +2)0,0;
(2) 0567 =2(x — 6:60,").



J. Phys. A: Math. Theor. 43 (2010) 505204 V Retakh and V Rubtsov

From the second Toda and second identity we get
03 = 2x6, — 6,0, '6, — 0;0,'6;.
It implies
0, = 26, +2x60, — 050,70, +6,0,'6,0,'6, — 6,6,'6;
—2(x — 0,0,1)65 + (65651)°65 — 6365 (2x — 26,6,")6,.
We simplify and obtain from this
05 = 20, + 6,6, (65 + 0,6716,) + 36,6, + (65651) 765 — 26565 ' x65.
By the identity for 6, we have
05 =20, + 0,0, - 2(1 + )01 + 050, "0, + 0505 (=03 — 6:6,'6),

which assure the first identity for n = 3.
Now we prove the second.
Seta = 2(B +2). We have

0, = ab, — (0,0, ')65.
Take the second derivation:
0y = aty — (05051) 65 — 0505165
By using the formula for 6; we have
0y = ady — (65605 ") 65 — 036, (ab — 636,7'65).
The terms with a are canceled and we have
6 = — (656, ") 5 + (6360, ') 5.
Note that
—(036,") + (65051)° = 050, —2(636,") .
We already know that the first summand on the right-hand side equals 2(x — 6,0 1) and
by our Toda system
(626,") = 636" — 6.7

we obtain the second identity for 0;.
The nth step of the recurrence goes as follows: from the nth Toda and recurrence conjecture
we have

9n+1 - 2)(9” - ene;jlen - 9/9719;’.

It implies
et = 200 +2x0, = 0,0,7,6,+6,6,2,0,_,6,",6, — 0,6,”,6,
—2(x — 6,6,,)6, + (9,’,9,;1)29,; — 0,0, (2x —26,0,,)6,.

Then, after some simplifications we get

0,1 =26, +6,0.",(6,+6,_,67",6,) +6,6." .6, + (6,6,")’6, — 26,6, x6,.
By the recurrent formula for 6, we have
0, +6, 0.6, =2(+1—n),_,

10



J. Phys. A: Math. Theor. 43 (2010) 505204 V Retakh and V Rubtsov

and
0, =20, +2(B+n—1)0,+6.0",6, + (9,;9,;1)29,; —20/6"x6,
= 2(B +n)0, +6,6,",6,+6,0,"(6,6,",6, — 2x6,)

n’n—1 nn n“n—1%n
=2(B+n)0, + 0,0, 10, + 0,0, (—0usr1 — 0,6,",6,)
=2(B+n)0, +6.0,",6,—0/0"60,.1 —0.0",6,.

which assure the first identity for n + 1.

We leave the proof of the second identity for any n as an easy (though a bit lengthy)
exercise similar to the case n = 3 above.

Identities (3) and (4) can be proved in a similar way. O

Lemma 3.4. Forn = 1 the left logarithmic derivative ¢’ ¢ " =: u, satisfies tonc— Py (x, B).

Proof. From the previous lemma we have from the first Toda equation
@™ =697 — ¥ =967 — (997 =2(x — $¥) —uj
and hence
b~ =2x — ¢y —ui.
On the other hand, taking the derivative of the first Toda, we get
W = 07" = v) =007 — 020" us — ($'Y + PY).
We replace 0,¢~! by
2B+ 1) —u1bp™' =208+ 1) —uy (2x — ¢y — uy).
Finally we obtain
ul = 2u? —2u1x —2xu; +2(B+ 1) +u 1y + pruy — ('Y + dyr'),
but
WY +pYur — (@'Y +oy') = pYd'e™! — ¢y’ =28
which gives the desired result. ]

Our proof of theorem 3.2 in the general case almost verbatim repeats the proof of
lemma 3.4

Proof of theorem 3.2. Let u, := 6/6'. Now the same arguments, from the
lemma 3.4, show that

(@) Ope16, ' =2x — 60,0, —uZ;

() 0,6, =2(B+n)—0,0,"6,.10,";

(©) u = 2ud — 2xu, — 2u,x +2(B +n) + 6,0, (6,6, +6,_,6,""). This implies that

u, = 2ufl — 2xu, — 2upx +4(,B +n — %) 0

Remark. Using identities (3) and (4) from lemma 3.3 we can prove the second statement of
theorem 3.2.

11
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4. Discussion and perspectives

We have developed an approach to integrability of a fully noncommutative analog of
the Painlevé equation. We construct solutions of this equation related to the ‘fully
noncommutative’ Toda chain, generalizing the results of [EGR1, GR2]. This solutions admit
an explicit description in terms of Hankel quasideterminants.

We consider here only the noncommutative generalization of Painlevé II but it is not
difficult to write down some noncommutative analogs of other Painlevé transcendants. It
is interesting to study their solutions, noncommutative t-functions, etc. We hope that our
equation (like its ‘commutative’ prototype) is a part of a whole noncommutative Painlevé
hierarchy which relates (via a noncommutative Miura transform) to the noncommutative
m-KdV and m-KP hierarchies (see i.e. [GNS, GN, EGR2, EGR1]). Another interesting
problem is to study a noncommutative version of isomonodromic transformation problem
for our Painlevé equation. The natural approach to this problem is a noncommutative
generalization of generating functions, constructed in [JKM]. The noncommutative ‘non-
autonomous’ Hamiltonian should be studied more extensively. It would be interesting to
find noncommutative analogs of Okamoto differential equations [OK] and to generalize the
description of Darboux—Bicklund transformations for their solutions.

We address these and other open questions in the forthcoming papers.
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