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stochastic differential equation driven by a
fractional Brownian motion

Karine Bertin? Nicolas Klutchnikoff! Fabien Panloup! Maylis Varvenne®

March 10, 2020

Abstract

We build and study a data-driven procedure for the estimation of the
stationary density f of an additive fractional SDE. To this end, we also
prove some new concentrations bounds for discrete observations of such
dynamics in stationary regime.

Keywords: Fractional Brownian motion; Non-parametric Inference; Stochastic
Differential Equation; Stationary density; Rate of convergence; Adaptive density
estimation.
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1 Introduction

We consider the R%-random process X = (X; : t > 0) governed by stochastic
differential equation

t
X, = Xo +/ b(X)ds +oBf, t>0, (1)
0

where X is the initial value of X, b: R? — R? is a continuous function, o is
a constant d x d matrix and B = (Bf:t > 0) is a d-dimensional two-sided
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fractional Brownian motion with Hurst parameter 0 < H < 1. Even in this non-
markovian framework (if H # 1/2), the process X can be embedded into an
infinite Markovian structure (see Hairer, 2005). This allows us to define, under
usual assumptions on the coefficients b and o, a unique invariant distribution
of X which admits a density f : RY — R. In this paper we are interested in
the non-parametric estimation of f based on the observation of X at n equally
spaced sampling times t; = A,,,...,t, = nA, where A, is a non-increasing
positive sequence such that nA, — oco.

In the case of diffusion models driven by standard Brownian motion (H = %),
the problem of non parametric estimation of the invariant density has been ex-
tensively studied, in both discrete and continuous time. In the continuous time
framework, the process X is observed for all 0 < ¢t < T'. Castellana and Lead-
better (1986) proved that, under some specific assumption on the joint density
of (Xo, X¢), the parametric rate of convergence T~/ can be reached. Among
other, see also Bosq et al. (1997), Kutoyants (1998), Dalalyan (2001), Comte
and Merlevede (2005) and Bosq (2012). Without this specific assumption, clas-
sical non-parametric rates of convergence of the form 7~5/(5+1) can be obtained
(see Comte and Merlevede, 2002) where s is the smoothness parameter of the
function f : R — R. The case of discrete observations (which corresponds to our
framework) has been studied in a univariate setting in Tribouley and Viennet
(1998), Comte and Merlevede (2002) and Schmisser (2013) for integrated risk
and in Bertin and Klutchnikoff (2017) for pointwise risk. In these papers, the
rate of convergence is proved to depend only on T' = nA,, and (adaptive) min-
imax rates of convergence are of the form (nA,)~*/**1 (up a a logarithmic
term) where s is the smoothness of the density function. See also Bertin et al.
(2018) that consider integrated risk in a multivariate setting. When H # 1/2,
nonparametric estimation methods for the model (1) have mainly focused on
estimation of the drift term b on the continuous case, see e.g. Mishra and
Prakasa Rao (2011) (where the authors study the consistency and the rate of
convergence of a nonparametric estimator of the whole trend of the solution to
a fractional SDE) and Comte and Marie (2018) (where the authors the con-
sistency of some Nadaraya-Watson’s-type estimators of the drift function in a
fractional SDE). Note that these papers only consider the case H > 1/2 in the
continuous case.

Our goal in this paper is to construct a data-driven procedure to estimate the
stationary density f of X in the discrete case for both H < 1/2 and H > 1/2.
To this aim, new concentration inequalities are obtained for the “stationary”
process, following the strategy of Varvenne (2019). In this paper, the idea was
to use a pathwise interpretation of the concentration phenomenon by study-
ing the distance between a functional and its average as a sum of differences
of “conditioned paths”. Then, the result was obtained by making use of the
contraction properties of the dynamics (under strong convexity assumptions).
In our paper, the novelty with respect to this paper is to assume that A,, may
depend on n but mostly, that the process is observed in its stationary regime
(instead of starting from a given z like in Varvenne (2019)). Actually, if this



modification is easy to overcome in a Markovian setting, here, this is not the
case since at time 0, the process has already a past. In other words, an invariant
distribution of (1) is a probability on RY x W where W is a functional space (see
Section 2.1 for details). In short, proving concentration bounds in stationary
regime requires to strongly modify the original proof given in Varvenne (2019)
(see Section 6.1 for more detailed explanations).

These tools are used for two purposes. First we obtain rates of convergence for
the pointwise risk of classical kernel estimators assuming that f belongs to a
Holder class with a known smoothness parameter s = (s1,...,54) € (0,00)<.
More precisely, choosing adequately a bandwidth that depends on s, we obtain
the rate ¢, (s) = (nA,) P#76) where

and Bu =2 —max(2H,1). (2)

v(s) = f

2(1+ mebs ) 5+2
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Here 5 = (Zle 1/ si) denotes a classical parameter in multivariate nonpara-

metric estimation that can be viewed as the effective smoothness of f. Next, we
propose a data-driven procedure based on the ideas developed by Goldenshluger
and Lepski (see Goldenshluger and Lepski, 2011a, 2014, and references therein)
to select the bandwidth. The concentration tools we develop in this paper al-
low us to prove an oracle-type inequality. This ensures that our data-driven
procedure performs almost as well as the best estimator in a given family of
estimators. As a direct consequence, our procedure is proved to be adaptive:
assuming that f is Holder with unknown smoothness s, it converges at the rate
®n(s) up to a log(nA,,) factor.

The paper is organized as follows. We first present the model and the new
concentration inequalities in Section 2. We introduce the statistical framework
in Section 3. Section 4 is devoted to the description of our estimation procedures
and their theoretical properties are stated in Section 5. The proofs are post-
poned to Section 6 (for the concentration inequalities) and 7 (for the properties
of statistical procedures).

2 Model and Probabilistic background

2.1 Model

We recall that in the non-Markovian setting given by (1), the well definition
of “the” invariant distribution of the process X requires the embedding of the
dynamics into an infinite-dimensional Markovian structure. More precisely, the
Markovian process above the dynamics, called Stochastic Dynamical System
(SDS) can be realized as a map on the space R x WW where W denotes an
appropriate space of Hélder functions from (—o0,0] to R¢, equipped with the
Wiener measure. This construction is strongly based on the Mandelbrot Van-



Ness representation of the fBm:
VteR, B = cH/(t — )2 ()T Paw, (3)
R

where (W;)ier is a two-sided d-dimensional Brownian motion and ¢y > 0.
We denote by (Q:(z,w))i>0,(z,w)erixw the related semi-group (for details on
regularity properties of the SDS, see Hairer (2005)).

For this type of dynamics, an initial condition is given by a couple (Xq, W),
where W~ = (W,;);<0 and Xy € R In other words, an initial condition is a
distribution g on R? x W such that the projection on the second coordinate is
PW* .

Then, an invariant distribution v for (Q¢(x,w));>0,(z,w)crexw is an initial con-
dition which is such that the distribution Px» of the process (X} )i>o built
with this initial condition is invariant by a time-shift. We say that the invariant
distribution is unique if Px. is unique. Finally, if the invariant distribution
exists, we will denote by 7, its first marginal: v(dz) = [, v(dz,dw). Such a
distribution (on R?) will be usually called “marginal invariant distribution”. We
will denote by f the density of 7 with respect to the Lebesgue measure on R?
(denoted by Ay in the sequel) when exists. In Proposition 1 below, we recall
some sufficient conditions which ensure existence, uniqueness of the invariant
distribution and absolute continuity of 7 with respect to the Lebesgue measure.
To this end, let us first state the assumptions used throughout our paper:
(Hy) (stability) The function b : R? — R is continuous and there exists a
constant « > 0 such that: For every x,y € R?, we have

(b(z) = b(y),  —y) < —alz —y/?
(Hz) (strong regularity) For every z,y € R%,
[b(z) = b(y)| < Lz —yl.
(H3) (nondegeneracy) The matrix o is invertible.

Proposition 1. Assume (H1) and (Ha). Then, existence holds for the invari-
ant distribution v. If (Hg) is also fulfilled, then uniqueness holds for v (unique
in the sense of Hairer, 2005). Furthermore, if b is Ct, then the marginal invari-
ant distribution v admits a density f with respect to Aq.

Existence and uniqueness are consequences of Hairer (2005). For the exis-
tence of density for 7, we rely on the one hand, on (Hairer, 2005, Theorems
1.2, 1.3), which state that (X}) converges in total variation distance towards
v and, on the other hand, to the fact that, under (Hs), the distribution of
(X7}) has a density with respect to the Lebesgue measure for any ¢ > 0 (see
e.g. (Besalt et al., 2016, Theorem 1.2) or (Baudoin and Hairer, 2007, Theorem
4.3) when H > 1/2). The combination of these two properties implies that o is
absolutely continuous w.r.t. to the Lebesgue measure (or equivalently that the
density exists).



Remark 1. > For the existence of the invariant distribution, Assumption (Hy)
could be alleviated. More precisely, the contraction assumption may be only as-
sumed out of a compact set. However, we chose to recall the result only under
this assumption since, in the sequel, we will need (Hy) to obtain concentration
properties.

> In this paper, we do not discuss about the smoothness of f. This problem is
out of the scope of the paper. However, we can expect that the smoothness of f
strongly relies on the one of b. For instance, in the setting of gradient diffusions
dxy = =VU () + 00dWy (where og is a positive number) , it is well-known that

the density is given by f(x) = Zul exp (—%) This involves that in this
190 90
particular case, when b is of class C"* (a € (0,1]), then f is of class C™T1+2,

We conjecture that this property is still true in our setting.

2.2 Concentration inequalities for stationary solution

Let n € N*. We denote by d,, the following L!-distance:

n

V(z,y) € (Rd)n X (Rd)nv dn(2,y) = Z |z — yil, (4)

k=1
where |.| stands for the Euclidean norm on R?. For a given d x d-matrix A
with real entries, we also denote by ||.|| a given matrix-norm, subordinated to

the Euclidean norm.

Theorem 1. Let H € (0,1). Assume (H1), (Hz) and (Hsz) and denote by
(Xt)t>0 the stationary solution associated to (1). Let n € N* and A, > 0
such that nA, > 1. Let d,, be the metric defined by (4). Then, there exists
some positive constant € = C(H, L, o, |b(0ra)|, ||lo]|) such that for all Lipschitz
function F : (RY)",d,) = (R,|-|) and for all X > 0,

E [exp (A(Fx — B[Fx]))] < exp (€| ||, \n A7) .
where ap := max{2H,1}, By :=min{1,2 — 2H} and Fx := F(X¢,,..., X:,).
Moreover, we deduce from the previous inequality that
2

—r
P(Fx —E[Fx]>r) <exp .
( X [ X] ) <4€naHA;BH|F”iip>

Corollary 1. Let the assumptions of Theorem 1 be in force. Let Fx :=
LS 1 9(Xy,) where g = (R%,|-|) = (R,|-|) is a given Lipschitz function.
We have ||F|§;, = n7%||g|7;, and then there ewists some positive constant

C=C(H,L,a,l|b(Oga)l, |lo]l) such that

n

1 —r2nfu ABH
P (5 > (506u) - Bly(Xu)) > ) < exp (W) )



since 2 —ag = By.

Remark 2. > In Theorem 1, assumption (Hg) ensures the uniqueness of the
stationary solution (Xi)i>o but the concentration result remains true for every
stationary solution to (1) when (Hs) does not hold.

> In the above results, the constant € = C(H, L, o, |b(Oga)|, ||o||) can be chosen
in such a way that (L, a,bo,q) — C(H, L, a,bo,q) is bounded on every compact
set of Ry x R x Ry x Ry (see Remarks 6 and 8 for more details).

> In Corollary 1, we remark that concentration bounds can be deduced from (5)

if we impose at least that lim nA, = 400, i.e. that lim ¢, = +o00.
n—-+oo n—-+oo

3 Adaptive framework

Let us recall that 7 denotes the marginal invariant distribution and that f
denotes its density w.r.t. the Lebesgue measure gz, which is assumed to exist in
whole the paper (see Proposition 1 for conditions of existence). To measure the
accuracy of an estimator f = f(~,th, ..., Xy ) of f, we define the pointwise
risk
- - p\ /P
RBu(f. 1) = (B|f(wo) = f(z0)|)

where p > 1 is fixed. Let F be a subset of C(R?,R). In what follows, we will
consider specific Holder classes. The maximal risk of f,, over F is defined by:

Rn(f7 F) = SupRn(fv f)
fEF

We say that an estimator f converges at the rate of convergence ¢, (F) over F if
lim sup ¢;, ' (F)R,,(f, F) < oo (6)
n—00

Note that such estimator may depend on the class F. Moreover (6) ensures a
specific behavior of the estimator f over F but the same estimator can perform
poorly over another functional space. The problem of adaptive estimation con-
sists in finding a single estimation procedure with a good behavior over a scale
of functional classes. More precisely, given a family {Fy : A € A} of subsets
of C(R4,R), the goal is to construct f; such that R, (f;,F)) is asymptotically
bounded, up to a small multiplicative factor (for example a constant or a log-
arithmic term), by ¢, (Fy) for any A € A. One of the main tools to prove that
an estimation procedure is adaptive over a scale of functional classes is to prove
an oracle-type inequality that guarantees that this procedure performs almost
as well as the best estimator in a rich family of estimators. Ideally, we would
like to have an inequality of the following form:

where { fn: n € H} is a family of estimators satisfying: for any A € A, there
exists 77(\) such that f,\) converges at the rate ¢,(Fx) over the class Fy. In



general, obtaining such an inequality is not possible. However in many situa-
tions, (7) can be relaxed and a weaker inequality of the following type can be
proved:

Ra(f*, f) <Yy inf Ry (f,n) + Ya2d(n), (8)
neH

where T and Y5 are two positive constants, R’ (f,n) is an appropriate quantity
to be determined that can be viewed as a tight upper bound on R, ( fn, f) and
d(n) is a reminder term. Inequalities of the form (8) are called oracle-type
inequalities.

4 Estimation procedure

To estimate f we construct a procedure defined through classical kernel density
estimators. It is well known that the accuracy of these estimators is mainly de-
termined by the bandwidth vector. Thus, obtaining a data-driven choice of this
parameter is the central problem in our model. In this section, after introducing
a family of kernel density estimators, we define a selection procedure based on
the ideas developed in Goldenshluger and Lepski (2011b).

4.1 Kernel density estimators

In this paper a function K : R — R is called a kernel if the support of K is
included into [—1,1], K is a Lipschitz function with Lipschitz constant £x > 0
and K satisfies [, K (u)du = 1. Following Rosenblatt et al. (1956) and Parzen
(1962), we consider kernel density estimators fh defined, for h = (hy,...,hq) €
(0, +00)%, by:
R 1 <&

fn(zo) = E;Kh(iﬂo—Xh), (9)
where, for (ui,...,uqs) € R? we define Kp(u1,...,uq) = H?Zl hi K (b uy).
We say that a kernel K is of order M € N if for any 1 < ¢ < M, we have
fR K (x)z'dz = 0. In the following paragraph, we propose a data-driven proce-

dure to select the bandwidth h in the finite subset H of (0,1)%.

4.2 Bandwidth selection

Our procedure depends on a hyperparameter & > 0. We refer the reader to
Section 5 for detailed comments on the impact of the choice of this parameter.
For any bandwidth vector h = (hi,...,hq) € (0,1)%, we define:

d 4402 1/2
Vi, =min(hy,...,ha) | | ki and ¢@,(h) = <7K> , (10)
1111 V2(nA,,)sH



where By is defined by (2). We consider the following subset of (0, 1)¢

where |-| denotes the integer part and

HZ{hE(O,l) :Vh2<nAn> }

Without loss of generality, we assume that (nA,)?#7 > e, which implies in
particular that H is not empty.

Following Goldenshluger and Lepski (2011b), we define for h and b in H the
following quantities

Mn(hv h) = Mn(h) + Mn(h \ h) with Mn(h) = ‘Pn(h’) V ,ﬁp| log Vh| (11)

and

B(h, o) = max { | foun (o) = fo(wo)| = Mu(h.b)} .

Here {y}+ = max(0,y) denotes the nonnegative part of y € R and h V h de-
notes the component-wise maximum of the bandwidth i and h. Our procedure
consists of selecting a bandwidth h(xg) such that

h(zo) = argeﬂin (B(h, xo) + My, (h)). (12)

The final estimator of f(xg) is then defined as the plugin estimator:

f(ilfo) = f}}(mo)(xo)-

This selection rule follows the principles and the ideas developed by Gold-
enshluger and Lepski. The quantity M, (h), called a majorant, is a penalized
version of the standard deviation of the estimator fh while the quantity B(h, zg)
is, in some sense, closed to its bias term. Finding tight majorants is the key
point of the method since fL(:vo) is chosen in (12) in order to realize an empirical
trade-off between these two quantities.

5 Results

We first recall the definition of Holder balls 3,4(s, L). For two d-tuples of positive
reals s = (s1,...,8q4) and L= (Ly,..., Lq),

SLZ', m:O,...,LsiJ

Ed(s,L):{f:Rd%Rs.t. Vi<i<d H%

w( + te;

Azl

alsilf

and for all t € R — W() < Li|t|sz‘—\_sd}
;"

oo

where for any i, |s;] = max{l € N : 1 < s;} and e; is the vector where all
coordinates are null except the i-th one which is equal to 1.



5.1 Properties of the kernel estimators

The two following propositions give upper-bounds of the bias and the stochastic
term of the estimator fj, .

Proposition 2. Let s = (s1,...,584) € (0,4+00)? and L = (L1,...,Lq) €
(0,4+00)t. Assume that f € X4(s,L) and assume that K is a kernel of or-
der greater than max;|s;|. Under (H1), (Hz2) and (Hs), we have for all h € H

Lihs
| si]

}th(xo)_f(xo)]gzd: :/R’vsiK(v)‘dv (13)

and

Lihs
|si]!

Proposition 3. Under (Hy), (Hz2) and (H3), we have for all h € H

Vs G (27) e a

Remark 3. > Note that the control of the bias term obtained in Proposition 2
is the same as those obtained for the problem of density estimation in an i.i.d.
context. The control of the stochastic term, see Proposition 3, relies on the
concentration inequality obtained in Corollary 1. The right hand side of (15)
depends on the additional assumptions made on our model through the constant
¢.

> This result is valid for a large class of functional (only a Lipschitz condition
is required) and under weak assumptions on the process. For H = 1/2, the
concentration inequality is optimal, see Saussereau (2012) and Djellout et al.
(2004). However, under strongest assumptions—jfor example on the joint dis-
tribution of (Xo,X:), Bernstein-type inequalities can be used to derive a bet-
ter upper bound on the stochastic term of order (nhy...hg)™!, see Bertin and

Klutchnikoff (2017) for d = 1.

d
Ep(z0) = max ’thvb(ﬁ?o) - th(xo)‘ < 2; /]R (v K (v)|dv.  (14)

(B |ful@o) = Efi(w0)

Using the above propositions we derive, over any Holder balls ¥4(s, L), the
rate of convergence achieved by a kernel estimator defined in (9) with a specific
choice of bandwidth that depend on the smoothness parameter s.

Theorem 2. Let s = (s1,...,84) € (0,400)% and L = (L1, ..., Lq) € (0,400)%.
Assume that f € ¥4(s,L) and assume that K is a kernel of order greater than
max;|s;|. Under (Hy), (Hz2) and (Hs), the estimator fh(s) defined through the
bandwidth h(s) = (h1(8),...,hq(s)) where for anyi=1,...,d

v(s)

hi(s) = ((nAi)ﬁH) : with  ~(s) = 2(14_#) 512

€(0,1/2)



and satisfies
Rn(fh(s), )< (A1 +Ag) (nAn)—ﬂHv(s) 7

where

d 1/p
Li s p—|—1
A = gl Pl /R ‘v ’K(v)‘dv, Ao = 2VdC (pF <T>) LK.

To our best knowledge few papers deal with nonparametric rate of conver-
gence in our model. Only Comte and Marie (2018) have considered the estima-
tion of the trend function b based on continuous observations when d = 1 and
H > 1/2. They obtain the same rates of convergence only in the case s = 1
assuming a Lipschitz condition on the function b.

5.2 Properties of the data-driven procedure

The estimator f , defined in Section 4.2 using the hyperparameter & and the
family of bandwidths H satisfies the following oracle inequality.

Theorem 3. Under (Hy), (Hz2) and (Hs), if & > €, we have:
Ro(f. f) < min { Ru(fa, f) + 4Mo(h) + 3En(wo) } + Co(nidn) 472 (16)

with

Remark 4. > The validity of this result depends on the hyperparameter & of
our procedure. Using Remark 2, for a given value of R, Theorem 8 can be applied
for a wide class of models, as soon as the constant €, which depends on H, L,
a, b(Opa) and ||o]| is less than R.

The oracle inequality allows us to obtain upper bound for the rates of con-
vergence over Holder balls ¥4(s,L) in an adaptive framework.

Theorem 4. Let M be a nonnegative integer and assume that K is a kernel
of order greater than M. Sets € (0, M + 1]¢ and L € (0,+00)4. Asume that
f € Xa(s,L), then under (Hy), (Hz2) and (Hz) we have:

v(s)

Ro(f, f) < Oy ((nAn) ™7 log ((nA,) 1)) (17)

where

Cy = 8y/Rd(d + 3/2)pLx + TeM 1A, + Ay + Cp.

Remark 5. > This result ensures that the estimator f achieves the rate of
convergence obtained in Theorem 2 up to a logarithmic factor. Such behavior
is well-known for pointwise adaptive estimation, see Lepskii (1990); Tsybakov

10



(1998); Klutchnikoff (2014) among others.

> If we let the hyperparameter & depend on n (e.g. & = log(n)) then the pro-
cedure is also asymptotically adaptive with respect to the values of L, a, b(Oga)
and ||o||. In the case 8 = log(n), the rate of convergence in (17) is multiplied
by (logn)'/2.

6 On concentration inequalities for fractional SDEs
in stationary regime

6.1 Sketch of proof of Theorem 1

We denote by (Q, F,P) the probability space on which the fBm is defined. Let
(Ft)t>0 be the natural filtration associated to the two-sided Brownian motion
(Whi)ter induced by the Mandelbrot-Van Ness representation (see (3)). As in
Varvenne (2019), let us first introduce the following decomposition. For all
k € N, set

Mk = E[FX | fk] (18)

where we recall that Fx = F(X,,,...,X,,) and (X;);>0 is the stationary solu-
tion of (1). Then, we have:

[tn]
Fx —E[Fx] = Mp,1 =Y My — M1+ E[Fx | 5] - E[Fx].
k=1
Our strategy of proof is decomposed as follows, we show that :

(1) for all 1 < k < [t,], there exists u,(cn) > 0 (deterministic) such that for all
A >0,

E [exp (A(My — My_1)) | Fro1] < exp(X2ul™)  a.s.

and then

[tn] [tn]
E [exp [ A Z(Mk — M) Fol| <exp | N\ Z u,(cn) a.s.
k=1 k=1

(2) there exists u((J") > 0 (deterministic) such that for all A > 0,
E [exp (\(E[Fx | Fo] — E[Fx)))] < exp(A2ul") a.s.

From (1) and (2), we finally get

[tn]
E [exp (\(Fx — E[Fx]))] <exp [ A2 uf”
k=0

11



We are thus reduced to study conditional exponential moments in (1) and
(2). The related results are given in Proposition 4 and 7 (and Theorem 1 easily
follows).

In order to provide such exponential bounds, we rely on the following key lemma
(see Lemma 1.5 in Chapter 1 of Rigollet and Hiitter (2017)):

Lemma 1. Let Z be a centered random variable on R such that there exists
¢ > 0 such that for all p > 2,

P < cspr (B).
B[j2J"] < ctpr (2)
Then, for all A > 0, we have

Efexp(A\2)] < exp(2A).

6.2 Part 1: sum of martingale increments
In this subsection, our purpose is to prove the following result :

Proposition 4. Assume (Hy) and (Ha). Let H € (0,1). There exists K =
K(H,L,a,|o|) > 0 such that for all A > 0,

[tn] [tn]

E |exp | A D My — My, Fo| <exp | KN|[FE, > vi, | as.
k=1 k=1

k| k-1 . H-3/2
Q/J’ﬂ,k} - \‘AHJ An -‘ + Z ui )

[
u;i=t; —k+1=1iA, —k+1 and My is defined by (18) .
Moreover, there exists ¢ = ¢(H) > 0 such that

where

[t7l] — .
21/}2 <e nAn if He (0, 1/2)
2k = O A2 f e (1/2,1).

Remark 6. Following carefully the constants in the proof of this proposition,
one easily checks that (L,a, s) — K(H, L, s) is bounded on every compact set
of Ry x Ry x Ry

Through equation (1) and the fact that b is Lipschitz continuous, for all
t >0, Y; can be seen as a functional of the time ¢, the initial condition Xg and
the Brownian motion (Wj)s<;. Denote by ® : R} x R? x C(R,RY) — R? this
functional, we then have

Vt >0, X;:=0(Xo,(Wi)s<t)

12



Now, let £ > 1, we have

| My, — M1
= |E[Fx|Fk] — E[Fx|Fk-1]|

< || Fluip /Q Z @1, (Xo, (We)s<k Utbpr,)) — Pr, (Xo, (W) s<p—1 Udj_14,]) | Pw (dd).
ti>k—1

Let us introduce now some notations. First, forallt > k—1set u :=t—k-+1,
then for all u > 0, we define

v oo Putr (Xo, (W) s<ik U (Ws)seputr—1)) ifu>1
v Dyri—1 (Xo, Ws)s<uth—1) otherwise,

and ~
Yo i= @uik—1 (Xo, (We)s<ho1 U (Ws)selh—1,uth—1]) -

By using equation (1), we then have
_ u B 1Au .
Y, ¥, = / b(Yy) — b(T2)ds + cHa/ (u— s)T=5aW® — 50, (19)
0 0

where we have set (Ws(k))s>0 := (Wsir—1— Wg_1)s>0 which is a Brownian mo-

tion independent from Fj_1 and (w§’“>)s>0 = (Wsh—1 — Wk—1)s>0-
Finally, we have the following inequality for all £ > 1:

My = Moa| < [ Fllsn [ 3 Yo = o
Q >0

Py (dw) (20)

where u; :=t;, —k+1=1A, —k+1.
In the next section, we proceed to a control of the quantity |Y, — ?u|

6.2.1 Control lemma

Lemma 2. We have the two following inequalities:

(1) for all w € [0,1], there exists K = K(H, L,a,||c|) > 0 such that,

|Yu - Y/u| < K sup ‘ng)(W - ’UNJ)
v€(0,2]

where

13



(i7) for all u> 1, there exists K = K(H, L,«, ||o||) > 0 such that,

IV, —Y,| < K W% sup Wk — @)
s€10,1]

Proof. ©> First case: let u € [0,1].
By the triangle inequality and assumption (Hz), we have in (19)

U 1Au
|V, — Y,| < L/ Y, — Y.|ds + cyl|o]| / (u—s)HF2aq(W® — k),
0 0

Then, from Gronwall’s lemma, we deduce the following
|Yu - Y/u|

1Au
< cullo]] / (u—s)T=2dW® — k),
0

+cH||a||L/
0

/OlAv(v - S)H*%d(W(k) _ ﬁ)(k))s‘ (1 + {—eL(ufv)} Z)

1Av
/ (v — )T 2dW® — g®) | L) dy
0

<cllof| sup
v€e[0,2]

1Av
/ (v— )T 2aq(W® — ),
0

< CH||O'||€2L sup
v€(0,2]

and Lemma 2 is shown for u € [0, 1].

> Second case: let u > 1. }
First, if u € [1,2], we have |Y,, = Y,| < Ky sup |Ws(k) - w§k>| by the first part
s€0,1]
of this proof combined with the following inequality :

1Av
/ (’U — S)H_%d(W(k) _ m(k))'s'
0

S

1Av
(v = 1A 3 (WD, —a),) + (H = 1/2) / (v =52 (WP —i?)ds
0

< Ky sup [WH —al)|,
s€[0,1]

Now, let us treat the case w > 2. In the following inequalities, we use as-
sumption (Hj) on the function b and the elementary Young inequality (a,b) <

14



5 (ela* + 2[b]?) with e = 20

= 2Y, — X0, b(Ys) = b(Yy)) + cur(2H — 1)(Y,, — Vi, U/Ol(u — )= 2qWw® — pR)),)

2
cp(2H — 1)?|o]?

< =20V, =Y |2 + oY, — Y, |? + 1
o

1
/ (u— s)T=3dWH — g®),
0

- 2 (2H —1)2 2 1 2
< —OZ|Yu _ Yu|2 + CH( ) ||U|| / (u _ S)Hfgd(w(k) _ ,Lb(k))s
da 0
We then apply Gronwall’s lemma to obtain
u 1 2
|V, —Y,|? < e*a("72)|Y2—172|2+aH/ emu=v) / (v—s)T 2qw® — w<k>)s‘ dv
2 0

(21)

o2 —1D)2(e2

with ay == 7*’(2}14;) ol
Now, we set ¢ (v) = fol (v—s)T=2d(W® —@*)), and we apply an integration

by parts to ¢ taking into account that Wo(k) = w(()k) =0:

(SIS}
—
>
&
=
|
2
—
o
=
S~—
(o}
VA

3 1
pr(v) = (v = DI 2 WP — @) —(3/2 - ) / (v —s)1~
0
And then

[ el a
2

< 2|W1(k) - u?%k)|2/ (v — 1) 3emalu=v)qy
2

1 2
/ (v —s) T2 (WP —p*ds| dov
0

u

+2(3/2 - H)z/ eau=v)

2

< 2|W1(k) - uigk)|2/ (v —1)2H3emalu=v)qy
2

2

1
+2(3/2— H)? / (W —5F))ds
0

Lemma 3. Let o, > 0. Then, for all u > 2,

/ (v — 1)2H=5emalu=v)qy(22)
2

e—au/ (’U — 1)_'660“)(1’() < max (e—a(u—2)(u . 1)7 (u _ 1)_B+1> '
2

In the right hand side of (22), we apply an integration by parts on the first

15



term and then we use Lemma 3:

/ (v — 1) 3o qy
2
1 u
= — <(u — 1)2H73 _ g (u=2) + (3 _ ZH)efa“/ (v _ 1)2H4em’dv>
“ 2
1
< — ((u — 1)2H—3 _ e_a(u—2) + (3 _ 2H) max (e—a(u—2)(u _ 1)7 (u _ 1)2H—3))
«

< O}{('UJ _ 1)2H73
where C; > 0 is some constant. Finally, by using Lemma 3 also on the second
term in (22), we finally get the existence of a constant C%; > 0 such that:
/ e 0 i (0)]* dv < Oy (w— 1?72 sup (WF —alIP. (23)
2 s€[0,1]

Now, putting inequality (23) into (21) and taking the square root, we finally
get:

Yy = Yo < e 202y, — Vo | + CP(w— 172 sup (WP —®)|.  (24)
s€[0,1]

On the one hand, we can note that e (u=2) ¢ C'uH=3 for all u > 2. On the
other hand, we have |Ys — Y3| < Ky sup |Ws(k) - w§’“>|.
s€10,1]

These two facts combined with (24) conclude the proof.
O

6.2.2 Conditional exponential moments of the martingale increments

Proposition 5. Assume (Hy) and (Ha). Let H € (0,1). There exists K =
K(H,L,a,|o|) > 0 and ¢ > 0 such that for all k € N* and for all p > 2,

E[|My — My | Fica] < CPIF 08,0720 (5) aus.

SRS

u;i=t; —k+1=14A, —k+1 and My is defined by (18).

where

-‘+ zn: W2,
L

Z_
An

Proof. Let k € N* and p > 2. By combining inequality (20) with the technical
lemma 2, we immediately get that there exists K = K(H, L, «, ||o||) > 0 such
that:

| My — M+ |P

p
< KFIE 0 ([ s G0V 0|+ sup WO - [Py (da)
Qveo0,2] s€[0,1]

16



The end of the proof consists in proving that

(

<o (Z).

‘We have

E

p
/ sup ‘GSJ’“)(W—w) + sup |[WH — o) Py (dw)
Q ve(0,2] s€[0,1]

]:kl‘|

E [[My — My—1|P|Fr—1]

p
( / sup ]GS]”(W—@)\PW(M)) ‘f;ﬂ]
Q vel0,2]

P
< | suw |Ws(k)—ﬁ’§k)|PW(d@)>
Q s€[0,1]

Fkl]
(g fovr - ofean)|

p
< / sup |Ws(k)—ﬁ’§k)|PW(d@)> ] (25)
Q s€[0,1]

where the last inequality is obtained by using that W®*) = (W, 1 —Wi_1)s>0
is independent from Fi_;. Now, if we denote by F*) the natural filtration

associated to W®*) then the right hand side terms of (25) are just expectations
)

< 2or g

+2r71E

< or g

+ 2P 1R

of conditional expectations with respect to fl(k , so we finally get

E[|My — My,_1|P|Fr1] < 2P7'E

sup ’ng) (W — W)‘p
v€(0,2]

+ 2R

wup W 0]
s€[0,1]

Since W(j“) and W®) are i.i.d. and have the same law as W), we can replace
WE — Wk by V2W M which gives

E[|M) — My—1|P|Fr—1]

< 2r~1\/9E + 2P~ 1\2E

sup |GV (W)

‘p
v€[0,2]

sup (WP
s€[0,1]

To conclude the proof, we only have to prove that sup,cg ‘GS})(W)} and

SUP,cio,1] |WS(1)| are sub-Gaussian. The proof of this result follows the lines of
Varvenne (2019) Appendices A and B and we leave it to the patient reader. O

With Lemma 1 in hand, we finally get :
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Proposition 6. Assume (Hy) and (Hz). Let H € (0,1). Let k € N*. There
exists K = K(H, L,a, ||o||) > 0 (independent of k) such that for all X\ > 0,

BlexpA(Mi — Mi1)) | Fort] < exp (KN F302,)  aus.

where

-‘+ zn: uH3/2
L

i=
An

u=t; —k+1=1iA, —k+1 and My, is defined by (18).

6.2.3 Proof of Proposition 4

Proof. The inequality on the conditional Laplace transform of th ]Mk —
M1 easﬂy follows from Proposition 6. We thus have to prove the bound

ony " “’J

Let us begln by the estimation of i, 1 for all k € {1,...,[t,]}. First, we easily

get that
5[] &

Secondly, let us consider the second part of v, 1, we have

> (A, —k+ 1)

i=[ 2]
< 1+/ (tA, — k+1)73/2dt

]
— 1 AH-3/2 {(t_ (k—1pA HH=12

n — 1/2 ’VkA;1‘|

-1+ ﬂ [(n (k= DAY (kA - (k- 1)A_1)H71/2}

H — 1/2 n n n

H-1/2 .
<1+Af*3/2>< H1/2(n ) s if H>1/2
- 7a-m ([kA, 1 —1)A51) 2 H<1)2
WH-1/2 .

B e e Sl I ES VLR
- T (LAY it H<1/2.

From (26) and (27), we thus deduce that there exists ¢; = ¢1(H) > 0 such that

_ AVt — (k=12 it H>1)2
< 1 n n
Ynk < A +1+cl{ Al if H<1/2.

18



We can now move on the estimation of E,Etz"l] 721 ,- From the inequality above,
it follows that there exists ¢a = co(H) > 0 such that

[tn]
D vnk < (A + 1)t

k=1

A (k=) i B> 1)2
n = n 2
+CQ{ A2t i g1 2

It remains to estimate ,Et:’ll] (tn — (k—1))*""" when H > 1/2. It is readily
checked that

[ta] [ta]
Yot = (k=0T (] = (k= 1) = R < (2,177,
k=1

=1 k=1
(29)
Finally, from (28) and (29), we get the existence of c¢3 = c3(H) > 0 and ¢4 =
c4(H) > 0 such that

=

“Z"‘j 0 <o AR AT i H > 1/
2 Pk S A2 it H<1/2
< A2, 0% if H >1/2
“ A2t it H<1/2.
This concludes the proof since ¢, = nA,,. O

6.3 Part 2: E[Fy | Fy] — E[F¥]
We now turn to the bound of E[Fx | Fo] — E[Fx]|. First, let us remark that
E[E[Fx | Fo] - E[Fx]] =0

so that we can use again Lemma 1 in order to deduce exponential bounds. The
related result is stated in Proposition 7.

We introduce notations related to the conditioning with respect to Fy. Let
(We)ter denote the two-sided Brownian Motion induced by Mandelbrot-Van
Ness representation (see (3)) and set W~ = (Wi)i<o. For ¢ € (0,1/2) and
g’ >0, set

Q= {u: (~o0.0] 5 B% w(©) =0, tim 2L — 0 ana

t——o0 |t|é+a’
1 .. . .
w is (5 — ¢)-Hélder continuous on compact 1nterva1s}.

Owing to some classical properties on the Wiener process, this subspace is
of Wiener measure 1 for any fixed ¢ € (0,1/2) and ¢’ > 0. In other words,

19



Py - () = 1. Then, for any w € Q_,
LB )iz0|W™ = w) = L((Z: + De(w))e20)
where Zy = Do(w) = 0 and for all ¢ > 0,

t
Z :cH/ (t— )77 — (=s)T=3dW,
0

and
0 1

Di(w) = aH/ (t—s)7=2 — (=s)7~ 2 duw,.

(Zi)i>0 and (Dy(w))r>0 are continuous processes on [0,+00) (see Lemma 4
below) and for any w € Q_, the (additive) SDE

dY; = b(Y;)dt + o(dZ; + dD) (30)

T, w

has a unique solution denoted by (X,”*):>0.

Since F' is Lipschitz continuous with respect to d,,, we can also remark that
BIFx | Fol = BIEx]| < || Flluip ) /R b X - KRy dw), (31)
k=1 RIX0-

where v = L(Xo, W) is an initial condition for the dynamical system which is
such that the process is stationary. This involves that we will use bounds on
|X5WT — XY™ to deduce the result for E[Fy | Fo] — E[Fx]. To this end, we
first state a technical result about D(w):

Lemma 4. Let w € Q= withe € (0,H) and &’ € (0,1 — H). Then, (Dy(w))i>o0
is continuous on [0,00) and differentiable on (0,+00). Furthermore, for any
01 € (0,1 — H —¢€'] and 02 €< H — 1 — ¢, there exist some positive constants
Cs, and Cs, such that for anyt >0,

|D,’5(w)| < D er(w) (061t7611t>1 + 052167621156(0,1])

— — 32
with . . (w) = sup |w(1 ol + sup |w$ T,)| (82)
re(0,1] T3 7F r>1 ra2te

Proof. Let w € Q07. By an integration by parts, one checks that the process
(D¢(w)) is well-defined for any ¢ > 0 and admits the following alternative rep-
resentation:

Dy(w) = ay (H— %) /O ((t—r)H—% —(—T)H—%)w(r) dr if t € (0,1]

— 00

It easily follows that (D;(w));>0 is smooth on (0, 4+occ] and that for all ¢ > 0,

Dl(w) = an (H— %) (H— g) /0 (t = 1)~ Sw(r) dr.

— 00
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On the one hand, for any & € [¢/,1 — H),

—1 _ —1 s
|/ (t— T)H_%w(r) dr| < sup o _::)l / (t —r)H 22 tedy

T
r>1 r27Te —o

-1
< Peer(w) / (t=r) P2 o dr < @ (w)(1+ )2

— 00

On the other hand, for any € > ¢,

0
/ (t—r)H_%w( Ydr < sup] ( Z'/ M H=2dr < & s (w)t?1E,
-1 re(0,1] T2

Inequality (32) easily follows from what precedes. In particular, since ¢ €
(0,H), t — Dj(w) is integrable near 0 and hence, ¢ — D;(w) is continuous on
Ry. O

In view of (31), we now provide a control of the evolution of two paths of the
fractional SDE (30) starting from initial conditions (z, ) and (y, w).

Lemma 5. Suppose that assumptions (H1) and (Hz) are in force. Let w and
W belong to O~ with ¢ € (0,H) and ¢’ € (0,1 — H). Then, there exist some
positive constants C1 = C1(H, L,a,||o||) and Co = Co(H, L, ||o||) such that
for every t > 0,

|X20 — XU12 < Cre Mo — yf? + Co®e o (b — w)(t v 1)2H 2+
where O, .+ is defined by (32).
Proof. For two paths w and w in 27,
BY — B = Dy(@ — w).

Thus, for any ¢y > 0,

~ ~ t ~ —
XP = XP = Xp0 - XP 4 / b(X2Y) = b(XZ™ )ds + oDy(w — w).

to

As a consequence,
eat|XtﬂC,ﬁ _ Xt ,w|2 _ eat0|Xtﬂi),1~U _ leo,w|2
t
+ / 2e( XD — X2 oDL(w — w))ds
0

t
b [ e (alX® - KPP 20X - XEPBXET) - b)) d,
0

By Assumption (Hy),

(X2T = X2, p(X2T) — b(XU)) < —a] X20 — X2
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whereas by the elementary inequality |uv| < (¢/2)|u|? +1/(2¢)|v|? applied with
£=aq,

_ 2
2XTT — X2, oD@ — w)) < alX5T — x4 + 1N pr s
0]

Thus, for any &' > 0, we have for any ¢ > tq,

_ _ 2yt
XY - XPT? < eo‘t°|th)’w — X,;yo’w|2 + @ / e®*| D! (w — w)|*ds.
to
By Lemma 4, we deduce that a positive constant C' exists such that:
t tvi ,
/ 6a5|D;(ﬁ _ ’w)|2d8 < C(I)a,a/ (u"} — w) (1 +/ ea582H72+2s dS) )
to 1
By an integration by parts, it follows that
— t ~ tv1
e / 6a5|D/S(@ . w) 245 < C(I)a,a’ (w — w) (e—at +/ ea(s—t)S2H—2+2a/d8>
1

a Sy o

< CPe o (10— w))(tV 1)2 7242,
Thus,
X0 = XPUP < e U XET - XY 4 Clo|| e (i — w) (£ 1)

Let us finally control |X§)’ﬁ — X2 Since b is L-Lipschitz continuous, for
every t > 0,

~ t ~
X" = X < o -yl +L/ | X3 = XP¥]ds + |lo|| sup [Ds(w —w)l,
0 s€(0,t]

and the Gronwall Lemma yields:

| X5, = X" < (I:v —yl+ ol sup [Ds(w — w)l) et
s€(0,t0]

Now, assume that tg € (0,1]. By Lemma 4,

to
sup | D@ — w)] < / DL — w)|ds < CD. o (10— w)th <.
s€(0,t0] 0

AS a consequence,
X0 = XU <O (Jlo—y? + @eor (0 — w))

The result follows. O
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Before stating Proposition 7 (which provides the exponential bound for
E[Fx | Fo] — E[Fx]), we finally obtain bounds on the moments of ®. (W ™)
and of the invariant distribution.

Lemma 6. Let ¢,&’ be some positive numbers. Then, there exists Cor > 0 such
that for every \ > 0,

E[|o. o (WT)[] < CLE[IZ["]
where Z has N (0, 1)-distribution.

Proof. 1t is enough to consider the one-dimensional case and by a symmetry
argument, it is certainly equivalent to prove the result for a Brownian motion
on R;. Furthermore, using that for a Brownian motion W on Ry, t — tW%
(with initial value equal to 0) is also a Brownian motion, we deduce that we
have only to prove that for any ¢’ > 0,

p
Tt P P
E [ﬁgg Tio } < CUE[|Z]"].
By the It6 formula,
Wy [ - d ey [ ey 33
t%+5,_ 1+ 1@ s_(§+5) 18%4’6’ S. ( )

For the first right-hand side term, there is nothing to prove. For the second one,
we remark that it is a Gaussian process and it follows that a Brownian Motion
W exists such that

t 400
1 ~ 1
/ ———dWj @ sup |Wi| where o0 = / ——=ds < 400,
1 szt 1

sup ;
t>1 tE]0,000) sht2e
and @ stands for the equality in distribution. But
sup [Wy| < sup Wy— sup (—W,)
t€[0,000) t€[0,000) t€[0,000)
and hence

B[ sup [WiP]<2B| swp WiP] < (27 E[|2P]
t€[0,000) t€(0,000)

since sup;¢o,s..) W, has the same distribution as /G| 2| where Z has N'(0,1)-
distribution. Let us now consider the last term of (33). We have

t +
/ﬂds </ ALY
) S%Jrs’ - h S%Jrs’

sup
t>1
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Hence, b,y the Jensen inequality applied with the probability measure p.(ds) =
Cs~ 1+ ds, we get:

t p +oo P
W W, 1
E sup/ —ds SC/ E‘ ?ds.
t>1|J1 s2Te 1 Vs| site
Thus, by the scaling property, it follows that
t P
W
E [sup / ——ds| | < CE[|Z|"]
t>1|J1 s2t¢
where Z has N(0, 1)-distribution. O

Lemma 7. Assume (Hy) and (Hz2) and let U denote the marginal invariant
distribution. Then, there exists C = C(H, L, o, |b(Oga)|, ||o]]) > 0 such that for
any p>1,

[ wPotay) < coB( 2P
R
where Z denotes a random variable with N'(0, 1)-distribution. Furthermore, (L, o, by, s) +

C(H,L,a,bo,s) is bounded on every compact set of Ry x RY x Ry x Ry.

Remark 7. The dependency of C with respect to H, L, e, b(Oga) and o is explicit
and is given in the following proof.

Proof. The proof uses some arguments of (Hairer, 2005, Proposition 3.12) by
controlling the distance between the solution to the SDE with the one of a
Ornstein-Uhlenbeck process for which the announced property holds. For the
sake of completeness, let us give some details. Let (U;)¢>0 denote a solution to
dU; = —Udt + 0dB}! and (X3);>0 a solution to (1). Assume that U and X are
built with the same fBm and start from the same starting point x. Then,

X —U = /Ot b(Xs) — Usds
so that .
X, — U? = 2/0 (b(Xs) — Us, Xs — Us)ds.
For any z and u € R,
(b(x) —u,x —u) = (b(x) —blu),z — u) + (b(u) — u, z — u).

Now, by (Hy) and (Hz) (which implies that |b(u)| < (|b(0ga)|V L)(1 4 |ul)), we
get

(|b(0Rd)|;/ L+ 1)2 (1 + |u|2)

(b(x) —u,x —u) < —%|x—u|2+
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Thus, with similar arguments as in the proof of Lemma 5 (based on Gronwall-
type arguments), we deduce that for any ¢ > 0,

2(|b(0ga)| V L + 1)

| X — Ut|2 <
@

t
/ =D(1 4 |U,[2)ds.
0

Thus, denoting by ||.||p, the LP-norm we deduce from Jensen inequality that

A(b(0ga)| VL +1)2 /1 P2t
”th”g S 2;071 ( (l ( Rd)| + ) % (a vV 1)) /O ea(sft)(1+|‘U§|‘g)d8+2p71HUtx”g'

«

Denote by v and 7, the (marginal) invariant distributions of X and U. Owing
to uniform integrability arguments and to the convergence in distribution of
(X¢)e>0 and (U;)¢>0 towards 7 and 7,, we get:

P — T z||p P i TP — P P
[ ooty = tim X7 < €0t 071 = 07 [ lypma(ay)

where

0w (ML (1 ),

«

Finally, let us recall that by a standard integration by parts,
t
U =xze t+ a/ esftdBf
0
and it follows that 7, = 7, o 30;1 where ¢, = ox. Thus,

[ oot < ol [ty ).
Rd

But by (Hairer, 2005, Proposition 3.12), w74 has Gaussian distribution N (Oga, coly)
where ¢o < T'(2H + 1), so that the result follows with C' = ||o||(d[(2H + 1))z C
(which has the local boundedness property announced in the lemma). O

We are now in position to provide an exponential bound for E[Fx | Fo] —E[Fx]:

Proposition 7. Assume (Hy) and (Ha). Suppose that nA,, > 1. Then, for
any e’ € (0,1 — H), a constant C = C(H, L, ,b(0ra),0,&’) exists such that

Elexp (\(E[Fx | Fo] — B[Fx])] < exp (Auf"),
where
(nA,) 1+
A,

In particular, with ¢’ = % and €' = % when H < 1/2 and H > 1/2 respec-
tively,

u§" = C||F |3,

uy < CHFHLip nHJr%AH;l it H>1/2
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Remark 8. Following carefully the constants involved in the proof below (in-
duced by the previous lemmas), one checks that for every H € (0,1) and &' €
(0,1-H), (L,a,bg,s) — C(H,L,«,bg,s,e") is bounded on every compact set of
Ry xRy xRy xRy. Thus, since the proof of Theorem 1 is obtained as a com-
bination of Propositions 4 and 7, this property combined with Remark 6 implies
that the constant € of Theorem 1 has the local boundedness property announced
in Remark 2.

Remark 9. The above bound easily involves that the contribution of E[Fx | Fo|—
E[Fx] is always less constraining (up to a multiplicative constant) than the one
obtained in Proposition 4.

Proof. By (31) and Lemma 5, for any p > 1,

n p
|E[Fx | Fo] — E[Fx][" < (2C1 [ Fluip)® </ X0 —ylp(dy) Y e 3" )
k=1

+ (2O2||F|‘Lip)p (/ |(I)515/(W_ — w)|p PW* (d’LU)) <Z(tk vV 1)H—l+a/>

k=1

where 7 stands for the “marginal” invariant distribution, i.e. the projection of v
on the first coordinate and @w denotes the p Let us consider the two right-hand
side terms separately. On the one hand, using Jensen inequality, we get

P

C 2 \"

Xo —ylo(dy) Y e 2t S/ —yPo(dy ( ) .
</ |Xo -yl 1?:1 ) y |Xo — y[Pr(dy) oA

Thus, using that | Xo — y|P < 2P (| Xo|? + |y|P) and Lemma 7, we get

(/ X0~ gl dykie% ) () cmizr. e

On the other hand, since H — 1 +¢’ > —1,

n , 1
Z(tk V. 1)H—1+a <C (_
k=1 A

(nA,)H+e

H-‘,—E/A H—1+¢' <C
+n n ) < A,

n

Furthermore,
E/ @ (W™ —w)|" Py— (dw) < 2°E|D. . (W)[P.
2

Thus, by Lemma 6, it follows that

n p H+e\ P
E/Q | e (W™ —w)|" Py (duw) (Z (te v 1)~ 1*8) < (c%) E[|Z["].
- k=1 "
(35)

26



Combining (34), (35) and the fact that E[Z[P < CPT (25) < CPpI (2), we
get: there exists a constant C' > 0 such that for all p > 2,

E[E[Fx | Fo] - E[Fx]P < (C|F||Lip%)ppr (2).

To conclude, we apply Lemma 1. O

7 Proofs of Statistical properties

7.1 Proof of Proposition 2

Step 1. Below we denote zg = (t1,...,tqs) and we define for h € H and n such
that n; € {O,hi}i

vi(u) = (ti —mur, ..., tic1 —Nic1i—1,  ti S tivr —higitiga, ..., tg — hqug).

We can write:

d
flawo =T-u) = flwo —n-u) = f(viu) = hue;) — f(vi(w) = mue;)
i=1
— Z fvilw) — hyuie;) — f(vi(w)),
iel

where I ={i=1,...,d:n; =0}. Now fix i € I.
If |s;] =0 then we obtain:

|f(vi(u) — hiuie;) — f(vi(w))] < Lilhiug|™
which leads to (since f € X4(s, L))

/R K (us) (f (vi() — hases) — F(vr(w)) du

R

Otherwise, using a Taylor expansion of the function z € R — f(v;(u) + ze;)
around 0, we obtain:

fvi(u) = hiuge;) — Zpk vi(u hk:h)

olsil f
v;(u) — Thiu;) — o Ls (i) |,

(—hiUi)LSiJ olsilf
st | ol

where 7 € (0,1). This implies that, using that K is a kernel of order larger than
| s;| combined with the fact that v;(u) does not depend on u;,

< leJ' /]usK (u; ‘duZ

/R K () (f (0i() — hawses) — f(vr(u))) dug| <
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Combining the above results we obtain:

d
| TLR G0 (=) = Flao =) du
i=1

LS [
SZ Bl /R’uZ K (u;)|dus.

icl

Step 2. Let h,h € H. Taking n = 0 in step 1 we obtain (13) Taking 7, = 0 if
h; =b; V h; and n; = b; = h; V h; otherwise, we obtain:

[Efivs(20) = Bfy(w0)| < [Bfiva(0) = Bfy(w0)| + By (@0) - Efy (o)

L [
SQZ oil] /R}ul K (u;)|du;

icl

d )
L;h3 .
<2 C S K i) ldu;.
<23 [ bRl

This implies (14).

7.2 Proof of Proposition 3
We have

B|fuan) ~ Efuten)| = [P

fn(wo) — th(:vo)‘p > t) dt.

We now use Corollary 1 with the functional g(u) = Kp(z¢ —u). We obtain that

E ’fh(aro) - th(xo)‘p - p/ooo uP (’fh(aro) - th(:zro)’ > u) du

> u2(nA)BH
2p/ wWlexp [ ———2— | du

0 4€||9H%ip

/2
4¢fglig, \ "
1 p—1 2
2p<(nAn)ﬁH /0 U exp( U )du
/2

LY (A2l )
PP\ (NP

p/2
2 (nA,,)BH

Since ||g||Lip < VALKV, ', we obtain (15).

IN

7.3 Proof of oracle inequality

We split the proof of Theorem 3 into several steps.
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Step 1. Let h € H be an arbitrary bandwidth. Using triangular inequality
we have:

|f(x0) = F(wo)| < [ f5,(x0) = Fioui (@0)| +1 Fryi (w0) = Fu(@o)| + | fu(wo) — f (o).
Note that
7 (0) = Fui@o)| < {153 @0) = Fui@o)| = Mau(h.2)} -+ Ma(h.h)
< max {1y (@0) = fav (20)] = Ma(h,B)} -+ Mo (h. D)
< B(h,w0) + My (h) + My (h).

Applying the same reasoning to the term |fhvh($0) — fn(xo)] and using (12),
this leads to

|f(@0) — f(@o)| < B(h,w0) + 2My(h) + B(h, x0) + 2M(h) + | fu(z0) — f(@0)]
< 3B(h,x0) + 4My(h) + | fn(w0) — f(20)]

This implies that:
Ru(f,f) < 3(EB"(h,20)) /" + AM(h) + Ru(frs f)
Step 2. Now, we upper bound B(h, z). Using basic inequalities we have:

B(h,xo) < %%({‘thw,(:vo) - th(fﬂo)‘}Jr + %16%({

i (z0) — th(iﬁo)‘ - Mn(h)}+

—i—max{‘fhvh xo) — thvh xo) ‘ — (h\/b)}
< Ep(zo) + 27,

+

where

7 = mae { | o (o) = By (@0)| - Ma(0)}

This leads to:

L
(EB(h,20))"/" < Ey(wo) + 2 (BT?)"/7.
Step 3. We have:

ETP<Z/ (

heH

where

gh(Xti) = Kh(IO - Xti) and gh(Xti) = gh(Xti) - Egh(Xti)'
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We obtain, using Corollary 1:

1 n
ETP<pZ/ ub— 1P< EZgh(Xti) >Mn(h)+u> du

heH i
<2pz/ uwP—ex u+M )2(nA,)PH du

2 4¢||gh|\hp

2

SQPZ/ WP ex < é u—+ My ( m))du

heH

1 R

<2p / uP e — exp <—p— log V4 > du

Since R > € we obtain:

ET? < pT' (p;r 1) 3 (Ql/z%(h)vb)pvﬁ(gfl)

heH

o (152 e ) gt

heH

Finally we obtain the following upper bound:

1/p

(BT?)Y? < 28,Vd | po (pH) (epeé(%_l) )d x (%)Uz.

2 (%_1) -1 nAn pH

This allows us to obtain Theorem 3.

7.4 Proof of Theorem 4

Set s € (0, M + 1]4, L € (0,+00)%.To prove this result, we construct a specific
bandwidth vector h* that belongs to H. This allows to apply Propositions 2
and 3 and to bound, in (16), the minimum over A € H by the value for h = h*.
Let

I = {’Y(S) (log ((nA,)P7) —loglog ((”An)ﬁH))J :

84

Since y(s)/s; < 1/2 we have

0<1; < Slog ((18,)"7) < 22 log (nar,). (36)

l\D|P—‘
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Now, denote for i = 1,...,d:
hi=e'" and hi(s) = ((nA,) P log ((nAn)ﬁH))’Y(S)/Si .

Remark that, using these notations we have h;(s) < h¥ < eh;(s). If we consider
h* = (hy,..., k%) and h(s) = (hi(s), ..., hq(s)), then:
Vi 2 Viys)
> ((nA,) "7 log ((nAn)ﬁH))’Y(S)(l/gﬂ/smin)
( A )—5H)V(S)(1/§+1/5min)

_ ((nAn)_ﬂH) 1/2—'7(5)

= (nAn)iﬁH/Qa
where syin = min; s; and using that (nA,,)?# > e. This implies, in combination

with (36), that h* € H. In (16) we can bound the right hand side by taking
h = h*. Let us consider each term separately.

First, using Propositions 2 and 3, since 0 < s; < M + 1 for each ¢, we have

A : Ay log((nA,)%) )"
&%mﬁﬁ@wAﬁﬂ%w&Mmm)(UﬂmH>

N\ Y(s)
e ()

Secondly, using Proposition 2 we obtain:

B\ 78
Ep-(z0) < 2eMT1A, (71°i(éZAg‘B)H >) .

Finally, using (10) and (11) we have:

TTT T N p——
*\ K .

1/2
1 1/2
< 24/ RdpLx (W) (|10g(ed+1Vh(s))|)

(s) d+1 1/2
log((nA,)PH) K [log(e™ Vsl
< 2/ RdpLk (T)BH Too((nANBH)

log((nAy)?m)

log((nA,)* )\ (d+ 1+ (1/2 = (s)) log((nA,)?7)\*/*
< 2V Rdp SK( ()P ) ( log (s )P1) )

< 2y/Rd(d + 3/2)pLx (log ZA)ﬁ)H >>
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This allows us to conclude that mingey {Rn(fh,f) + 4M,,(h) +3Eh(:vo)} is

v(s)
bounded up to a multiplicative constant by (%) . To conclude,

only note that (nA,,)~%#/2 < (nA,)~7(®)85 since y(s) < 1/2.
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